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1. Na sqedi�sete to f�sma pl�touc kai to f�sma f�shc tou s matoc

x(t) = 2+ cos(2πt)− sin(πt)− 3 cos(3πt)

LÔsh:
Ja qrhsimopoi soume tic sqèseic tou Euler:

cos(θ) =
ejθ + e−jθ

2
, sin(θ) =

ejθ − e−jθ

2j
(1)

EÐnai

x(t) = 2 + cos(2πt)− sin(πt)− 3 cos(3πt)

= 2 +
ej2πt + e−j2πt

2
− ejπt − e−jπt

2j
− 3

ej3πt + e−j3πt

2

= 2 +
1

2
ej2πt +

1

2
e−j2πt − 1

2j
ejπt +

1

2j
e−jπt − 3

2
ej3πt − 3

2
e−j3πt (2)

'Omwc h seir� Fourier prèpei na èqei touc suntelestèc thc grammènouc se morfh mètro-f�sh. Gi'
autì, oi ìroi 1

j kai −1 mprosta apì ta ekjetik� prèpei na metatrapoÔn se f�sh. GnwrÐzete ìti
1
j = −j = e±jπ/2 kai −1 = e±jπ.

x(t) = 2 +
1

2
ej2πt +

1

2
e−j2πt − 1

2j
ejπt +

1

2j
e−jπt − 3

2
ej3πt − 3

2
e−j3πt

= 2 +
1

2
ej2πt +

1

2
e−j2πt +

1

2
ejπ/2ejπt +

1

2
e−jπ/2e−jπt +

3

2
ejπej3πt +

3

2
e−jπe−j3πt (3)

To f�sma pl�touc kai to f�sma f�shc faÐnontai sta parak�tw sq mata 1aþ kai 1bþ antÐstoiqa. Gia
th sqedÐas  touc qrhsimopoi same th gwniak  suqnìthta ω = 2πf se rad/sec kai ìqi th suqnìthta
f se Hz. Protim ste opoia sac boleÔei.

Enallaktikìc trìpoc ja  tan na qrhsimopoi soume tic tautìthtec:

− sin(θ) = cos(θ + π/2), cos(θ + π) = − cos(θ). (4)

Ja metatrèyoume ta sin se cos kai ja frontÐsoume ta prìshma na eÐnai ìla jetik�, eis�gontac ìpou
qrei�zetai thn kat�llhlh f�sh. EÐnai:

x(t) = 2 + cos(2πt)− sin(πt)− 3 cos(3πt)

= 2 + cos(2πt) + cos(πt+ π/2) + 3 cos(3πt+ π)

= 2 +
1

2
ej2πt +

1

2
e−j2πt +

1

2
ejπtejπ/2 +

1

2
e−jπte−jπ/2 +

3

2
ej3πtejπ +

3

2
e−j3πte−jπ. (5)

To f�sma pl�touc kai to f�sma f�shc faÐnontai sta parak�tw sq mata 1aþ kai 1bþ antÐstoiqa.
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(aþ) F�sma pl�touc 2.1 (bþ) F�sma f�shc 2.1

Sq ma 1: F�sma pl�touc kai f�shc 'Askhshc 2.1

2. 'Estw to s ma
x(t) = sin2(5πt) cos(22πt)

AnaptÔxte to se ekjetik  (amfÐpleurh) - kai met� trigwnometrik  (monìpleu-
rh) - seir� Fourier kai breÐte thn perÐodo T0

LÔsh:
Gia na broÔme thn perÐodo, ja prèpei na gr�youme to x(t) wc �jroisma hmitìnwn  /kai sunhmitì-
nwn. 'Eqoume p�nta upìyh mac ìti arnhtik� prìshma   1/j, j wc suntelestèc ekjetik¸n prèpei
na metatrapoÔn se f�seic, otan jèloume apì thn amfÐpleurh seir� na p�me sth monìpleurh. Ja
qrhsimopoi soume tic sqèseic tou Euler.
EÐnai:

x(t) = sin2(5πt) cos(22πt) =
( 1

2j
ej5πt − 1

2j
e−j5πt

)2(1
2
ej22πt +

1

2
e−j22πt

)
=

( 1

4j2
ej10πt − 2

1

2j

1

2j
ej5πte−j5πt +

1

4j2
e−j10πt

)(1
2
ej22πt +

1

2
e−j22πt

)
=

(
− 1

4
ej10πt +

1

2
− 1

4
e−j10πt

)(1
2
ej22πt +

1

2
e−j22πt

)
= −1

8
ej32πt − 1

8
e−j12πt +

1

4
ej22πt +

1

4
e−j22πt − 1

8
e−j32πt − 1

8
ej12πt

= −1

8
ej32πt − 1

8
e−j12πt +

1

4
ej22πt +

1

4
e−j22πt − 1

8
e−j32πt − 1

8
ej12πt

=
1

8
ejπej32πt +

1

8
e−jπe−j12πt +

1

4
ej22πt +

1

4
e−j22πt +

1

8
e−jπe−j32πt +

1

8
ejπej12πt (ekjetik )

=
1

4
cos(2π6t+ π) +

1

2
cos(2π11t) +

1

4
cos(2π16t+ π) (trigwnometrik ) (6)

'Enac diaforetikìc trìpoc lÔshc ja  tan na qrhsimopoi soume tic trigwnometrikèc tautìthtec:

sin2(θ) =
1

2
− 1

2
cos(2θ)

kai

cos(θ) cos(ω) =
1

2
cos(θ + ω) +

1

2
cos(θ − ω)
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Tìte ja eÐnai:(1
2
− 1

2
cos(10πt)

)
cos(22πt) =

1

2
cos(22πt)− 1

2
cos(22πt) cos(10πt)

=
1

2
cos(22πt) +

1

4
cos(32πt+ π) +

1

4
cos(12πt+ π)

Profan¸c, h jemeli¸dhc suqnìthta ja eÐnai: f0 = MKD(6, 11, 16) = 1. 'Ara T0 =
1
f0

= 1.

3. AnaptÔxte se Seir� Fourier to periodikì, me perÐodo T0, s ma:

x(t) =

{
1, 0 ≤ t < T0

2

2− 2 t
T0
, T0

2 ≤ t < T0

Sac dÐnetai ìti: ∫
teαtdt =

eαt

α

(
t− 1

α

)
,

∫
eαtdt =

1

α
eαt

LÔsh:
Ja anaptÔxoume to s ma kat� thn ekjetik  seir� Fourier. GnwrÐzoume ìti:

X0 =
1

T0

∫ T0

0
x(t)dt kai Xk =

1

T0

∫ T0

0
x(t)e−j2πkf0tdt

EÐnai qr simo na jumìmaste ìti f0T0 = 1, e±j2πk = 1, kai e−jπk = (−1)k. Ja eÐnai loipìn:

X0 =
1

T0

∫ T0

0
x(t)dt =

1

T0

(∫ T0
2

0
1dt+

∫ T0

T0
2

(
2− 2

T0
t
)
dt
)

=
1

T0
t
∣∣∣T02
0

+
1

T0
2t
∣∣∣T0T0

2

− 1

T0

∫ T0

T0
2

2

T0
tdt

=
1

T0

(T0
2
− 0
)
+

2

T0

(
T0 −

T0
2

)
− 1

T0

∫ T0

T0
2

2

T0
tdt

=
1

2
+ 1− 2

T 2
0

( t2
2

)∣∣∣T0T0
2

=
3

2
− 2

T 2
0

(T 2
0

2
− T 2

0

8

)
=

3

2
− 2
(1
2
− 1

8

)
=

3

2
− 2

3

8

=
3

2
− 6

8
=

3

4
(7)

'Ara telik�

X0 =
1

T0

∫ T0

0
x(t)dt =

3

4
(8)
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EpÐshc,

Xk =
1

T0

∫ T0

0
x(t)e−j2πkf0tdt =

1

T0

(∫ T0

0
1e−j2πkf0tdt+

∫ T0

0
(2− 2

T0
t)e−j2πkf0tdt

)
=

1

T0

e−j2πkf0t

−j2πkf0

∣∣∣∣∣
T0
2

0

+
1

T0

∫ T0

T0
2

2e−j2πkf0tdt− 2

T 2
0

∫ T0

T0
2

te−j2πkf0tdt

=
1

T0

e−j2πkf0t

−j2πkf0

∣∣∣∣∣
T0
2

0

+
2

T0

e−j2πkf0t

−j2πkf0

∣∣∣∣∣
T0

T0
2

− 2

T 2
0

(e−j2πkf0t
−j2πkf0

(
t− 1

−j2πkf0

)∣∣∣∣∣
T0

T0
2

)
= A1 +A2 +B

A1 +A2 =
1

T0

e−j2πkf0t

−j2πkf0

∣∣∣∣∣
T0
2

0

+
2

T0

e−j2πkf0t

−j2πkf0

∣∣∣∣∣
T0

T0
2

=
1

−j2πk
(e−jπk − 1) +

2

T0

( e−j2πk

−j2πkf0
− e−jπk

−j2πkf0

)
=

1

−j2πk
(e−jπk − 1) +

2

−j2πk
− 2e−jπk

−j2πk

= − 1

j2πk
(e−jπk − 1 + 2− 2e−jπk)

= − 1

j2πk
(1− e−jπk)

B = − 2

T 2
0

(e−j2πkf0t
−j2πkf0

(
t− 1

−j2πkf0

)∣∣∣∣∣
T0

T0
2

)
= − 2

T 2
0

( e−j2πk

−j2πkf0

(
T0 −

1

−j2πkf0

)
− e−jπk

−j2πkf0

(T0
2
− 1

−j2πkf0

))
= − 2

−j2πk
− 2

T 2
0 (−j2πkf0)(j2πkf0)

+
e−jπk

−j2πk
+

2e−jπk

T 2
0 (−j2πkf0)(j2πkf0)

= − 2

−j2πk
− 1

2π2k2
+

e−jπk

−j2πk
+
e−jπk

2π2k2

= − 1

j2πk
(e−jπk − 2)− 1

2π2k2
(1− e−jπk)

'Ara to Xk ja einai telik�:

Xk = A1 +A2 +B = − 1

j2πk
(1− e−jπk)− 1

j2πk
(e−jπk − 2)− 1

2π2k2
(1− e−jπk)

= − 1

j2πk
(1− e−jπk + e−jπk − 2)− 1

2π2k2
(1− e−jπk)

=
1

j2πk
− 1

2π2k2
(1− e−jπk)

=
1

2πk
e−j

π
2 − 1

2π2k2
(1− e−jπk). (9)

Opìte telik� oi suntelestèc Fourier eÐnai oi:

X0 =
3

4
kai Xk =

1

2πk
e−j

π
2 − 1

2π2k2
(1− e−jπk).
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MporoÔme na gr�youme t¸ra ìti:

x(t) = X0 +
+∞∑

k=−∞,k 6=0

Xke
j2πkf0t =

3

4
+

+∞∑
k=−∞,k 6=0

( 1

2πk
e−j

π
2 − 1

2π2k2
(1− e−jπk)

)
ej2πkf0t

=
3

4
+

+∞∑
k=−∞,k 6=0

1

2πk
e−j

π
2 ej2πkf0t −

+∞∑
k=−∞,k 6=0

1

2π2k2
(1− e−jπk)ej2πkf0t

=
3

4
+

+∞∑
k=−∞,k 6=0

1

2πk
ej(2πkf0t−

π
2
) −

+∞∑
k=−∞,k 6=0

1

2π2k2
(1− e−jπk)ej2πkf0t. (10)

ParathroÔme ìti (1− e−jπk) = 1− (−1)k, �ra:

(1− e−jπk) =
{

2, k perittoc
0, k �rtioc

'Ara ja eÐnai:

x(t) =
3

4
+

+∞∑
k=−∞,k 6=0

1

2πk
ej(2πkf0t−

π
2
) −

+∞∑
k perittìc

1

2π2k2
2ej2πkf0t

=
3

4
+

+∞∑
k=−∞,k 6=0

1

2πk
ej(2πkf0t−

π
2
) −

+∞∑
k=−∞

2

2π2(2k − 1)2
ej2π(2k−1)f0t (11)

ìpou jèsame k ← 2k−1, gia na èqoume mìno perittoÔc ìrouc (diìti 2k−1 perittìc gia k�je k). An
jèloume na proqwr soume akìma lÐgo kai na anaptÔxoume to s ma mac se monìpleurh seir� Fourier
tìte ja èqoume:

x(t) =
3

4
+

+∞∑
k=−∞,k 6=0

1

2πk
ej(2πkf0t−

π
2
) −

+∞∑
k=−∞

2

2π2(2k − 1)2
ej2π(2k−1)f0t

=
3

4
+

+∞∑
k=1

2

2πk
cos(2πkf0t−

π

2
)−

+∞∑
k=1

4

2π2(2k − 1)2
cos(2π(2k − 1)f0t) (12)

giatÐ xèroume ìti gia touc suntelestèc tou monìpleurou anaptÔgmatoc se seir� Fourier isqÔei ìti:

Ak = 2|Xk|
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4. 'Estw èna pragmatikì, perittì kai periodikì s ma x(t), pou anaptÔssetai se
seir� Fourier me suntelestèc Xk. DeÐxte ìti

Xk = −X−k

LÔsh:
To s ma mac eÐnai perittì, �ra ja isqÔei x(t) = −x(−t). EÐnai:

Xk =
1

T0

∫ T0

0
x(t)e−j2πkf0tdt =

1

T0

∫ T0

0
−x(−t)e−j2πkf0tdt

Jètw u = −t⇒ du = −dt. EpÐshc, u1 = 0, u2 = −T0.
'Ara ja eÐnai

Xk =
1

T0

∫ −T0
0

x(u)ej2πkf0udu = − 1

T0

∫ 0

−T0
x(u)e−j2π(−k)f0udu = −X−k (13)

5. DÐdontai tria pragmatik�, periodik� s mata me mikrì arijmì armonik¸n. Oi
mh mhdenikoÐ suntelestèc gia k > 0 dÐdontai akoloÔjwc:
a) x1(t) : T0 = 1,X1 = 5,X3 = 2.

b) x2(t) : T0 = 2,X1 = j,X2 = −j1
2
,X3 = j

1

4
,X4 = −j1

8
.

BreÐte ta xi(t).

LÔsh:
AfoÔ ta s mata eÐnai pragmatik�, autì shmaÐnei ìti up�rqoun suntelestèc Xk kai gia k < 0, kai
gia autoÔc ja isqÔei ìti X−k = X∗k .
a) EÐnai

x1(t) = X−3e
j2π(−3) 1

T0
t
+X−1e

j2π(−1) 1
T0
t
+X1e

j2π(+1) 1
T0
t
+X3e

j2π(+3) 1
T0
t

= X∗3e
−j2π3 1

T0
t
+X∗1e

−j2π 1
T0
t
+X1e

j2π 1
T0
t
+X3e

j2π3 1
T0
t

= 2e
−j2π3 1

T0
t
+ 5e

−j2π 1
T0
t
+ 5e

j2π 1
T0
t
+ 2e

j2π3 1
T0
t

= 2e−j6πt + 5e−j2πt + 5ej2πt + 2ej6πt

= 2(e−j6πt + ej6πt) + 5(e−j2πt + ej2πt)

= 4 cos(6πt) + 10 cos(2πt). (14)

b) EÐnai

x2(t) = X−4e
j2π(−4) 1

T0
t
+X−3e

j2π(−3) 1
T0
t
+ · · ·+X3e

j2π(+3) 1
T0
t
+X4e

j2π(+4) 1
T0
t

= X∗4e
−j2π4 1

T0
t
+X∗3e

−j2π3 1
T0
t
+ · · ·+X3e

j2π3 1
T0
t
+X4e

j2π4 1
T0
t

= j
1

8
e−j2π4

1
2
t − j 1

4
e−j2π3

1
2
t + j

1

2
e−j2π2

1
2
t + · · · − j 1

2
ej2π2

1
2
t + j

1

4
ej2π3

1
2
t − j 1

8
ej2π4

1
2
t

= j
1

8
e−j4πt − j 1

4
e−j3πt + j

1

2
e−j2πt − je−jπt + jejπt − j 1

2
ej2πt + j

1

4
ej3πt − j 1

8
ej4πt

= j
1

8
(e−j4πt − ej4πt)− j 1

4
(e−j3πt − ej3πt) + j

1

2
(e−j2πt − ej2πt)− j(e−jπt − jejπt)

= −j 1
8
2j sin(4πt) + j

1

4
2j sin(3πt)− j 1

2
2j sin(2πt) + j2j sin(πt)

=
1

4
sin(4πt)− 1

2
sin(3πt) + sin(2πt)− 2 sin(πt) (15)
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6. AnaptÔxte se Seir� Fourier to periodikì, me perÐodo T0, s ma:

x(t) =

{
e−αt, 0 ≤ t < T0

2

0, T0
2 ≤ t < T0

LÔsh:
Ja anaptÔxoume to s ma kat� thn ekjetik  seir� Fourier. GnwrÐzoume ìti:

X0 =
1

T0

∫ T0

0
x(t)dt kai

Xk =
1

T0

∫ T0

0
x(t)e−j2πkf0tdt

Ja eÐnai loipìn:

X0 =
1

T0

∫ T0

0
x(t)dt =

1

T0

∫ T0
2

0
e−αtdt

=
1

T0

1

−α
e−αt

∣∣∣T02
0

=
1

T0

1

−α
(e−α

T0
2 − 1)

⇐⇒ X0 =
1

T0

∫ T0

0
x(t)dt =

1

αT0
(1− e−α

T0
2 ) (16)

EpÐshc,

Xk =
1

T0

∫ T0

0
x(t)e−j2πkf0tdt =

1

T0

∫ T0
2

0
e−αte−j2πkf0tdt =

1

T0

∫ T0
2

0
e−αt−j2πkf0tdt

=
1

T0

∫ T0
2

0
e−(α+j2πkf0)tdt =

1

T0

1

−(α+ j2πkf0)
e−(α+j2πkf0)t

∣∣∣∣∣
T0
2

0

=
1

T0

1

−(α+ j2πkf0)

(
e−(α+j2πkf0)

T0
2 − 1

)
= − 1

T0

1

(α+ j2πkf0)

(
e−(α

T0
2
+jπk) − 1

)
= − 1

T0

1

(α+ j2πkf0)
(e−α

T0
2 e−jπk − 1) =

1

(αT0 + j2πk)
(1− e−α

T0
2 e−jπk) (17)

'Omwc xèroume ìti: e−jπk = cosπk− j sinπk = (−1)k, giatÐ gia k�je k akèraio, to cosπk eÐnai eÐte
1 gia �rtia k, eÐte -1 gia peritt� k, en¸ to sinπk eÐnai mhdèn gia k�je k.

'Ara mporoÔme na gr�youme telik� ìti:

Xk =
1

(αT0 + j2πk)

(
1− (−1)ke−α

T0
2

)
Opìte telik� oi suntelestèc Fourier eÐnai oi:

X0 =
1

αT0

(
1− e−α

T0
2

)
kai (18)

Xk =
1

(αT0 + j2πk)

(
1− (−1)ke−α

T0
2

)
(19)
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'Ara to s ma mac ja gr�fetai wc:

x(t) =
+∞∑

k=−∞
Xke

j2πkf0t =
+∞∑

k=−∞

1

(αT0 + j2πk)

(
1− (−1)ke−α

T0
2

)
ej2πkf0t (20)

7. Oi suntelestèc sto an�ptugma se seir� Fourier enìc periodikoÔ s matoc èqoun
upologisteÐ apì th sqèsh

Ake
jφk =

2

T0

∫ T0

0
x(t)e−j2πkf0tdt (21)

kai eÐnai oi parak�tw gia k > 0

Ake
jφk = − A

j2πk
[(−1)k − 1] (22)

kai A0 = 0. BreÐte to s ma se an�ptugma monìpleurhc seir�c Fourier.

LÔsh:
Xèroume ìti h monìpleurh seir� Fourier dÐnetai apì:

x(t) = A0 +Re{
+∞∑
k=1

Ake
jφkej2πkf0t} = A0 +

+∞∑
k=1

Ak cos(2πkf0t+ φk) (23)

ParathroÔme ìti to Ake
jφk eÐnai mh mhdenikì kai Ðso me A

jkπ , gia peritt� k, kai Ake
jφk = 0 gia �rtia

k. 'Ara to Ake
jφk mporeÐ na grafeÐ wc:

Ake
jφk =

{
A
jπk = A

πke
−j π

2 , k odd

0, k even

'Ara eÔkola sumperaÐnoume ìti Ak =
A
πk kai φk = −π

2 , gia k peritt�.
'Ara ja eÐnai: (A0 = X0 = 0)

x(t) =

+∞∑
k odd

A

πk
cos(2πkf0t−

π

2
) =

∞∑
k=0

A

π(2k + 1)
cos(2π(2k + 1)f0t−

π

2
)

=
∞∑
k=0

A

π(2k + 1)
sin(2π(2k + 1)f0t) =

A

π

∞∑
k=0

1

2k + 1
sin(2π(2k + 1)f0t) (24)

ShmeÐwsh: An dinìtan arqik� ìti Xk = − A
4jπk [(−1)

k − 1] (dhl. oi suntelestèc tou dÐpleurou
anaptÔgmatoc), kai zhtoÔse to monìpleuro an�ptugma, tìte polÔ apl�:

Xk =
A

2πk
e−j

π
2 , (25)

gia k peritt�, me ton Ðdio sullogismì me parap�nw, kai ja eÐqame:

x(t) =

+∞∑
k odd

2|Xk| cos(2πkf0t−
π

2
) =

+∞∑
k odd

2
A

2πk
sin(2πkf0t)

=
+∞∑
k odd

A

πk
sin(2πkf0t) =

A

π

+∞∑
k=0

1

2k + 1
sin(2π(2k + 1)f0t) (26)
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to Ðdio dhlad  apotèlesma.

8. BreÐte thn perÐodo tou s matoc:

x(t) = sin2(5πt+ φ1) + sin2(2πt+ φ2)

LÔsh:
Ja qreiasteÐ na gr�youme to s ma mac wc �jroisma apl¸n hmitìnwn  /kai sunhmitìnwn, ¸ste na
mporoÔme na apofanjoÔme gia thn periodikìtht� tou. EÐnai:

x(t) = sin2(5πt+ φ1) + sin2(2πt+ φ2)

=
( 1

2j
ej5πtejφ1 − 1

2j
e−j5πte−jφ1

)2
+
( 1

2j
ej2πtejφ2 − 1

2j
e−j2πte−jφ2

)2
= −1

4
ej10πtej2φ1 − 2

1

2j

1

2j
− 1

4
e−j10πte−j2φ1 − 1

4
ej4πtej2φ2 − 2

1

2j

1

2j
− 1

4
e−j4πte−j2φ2

= −1

4
(ej10πtej2φ1 + e−j10πte−j2φ1)− 1

4
(ej4πtej2φ2 + e−j4πte−j2φ2) + 1

= 1− 1

4
2 cos(10πt+ 2φ1)−

1

4
2 cos(4πt+ 2φ2)

= 1− 1

2
cos(10πt+ 2φ1)−

1

2
cos(4πt+ 2φ2)

= 1− 1

2
cos(2π5t+ 2φ1)−

1

2
cos(2π2t+ 2φ2) (27)

'Ara h jemeli¸dhc suqnìthta tou s matoc ja eÐnai f0 = MKD{5, 2} = 1. 'Ara T0 = 1
f0

= 1 sec.

Alli¸c, ja mporoÔsame na poÔme ìti T0 = EKP{15 ,
1
2} =EKP{0.2, 0.5} = 1 sec.

Parathr ste epÐshc ìti afoÔ mac zhteÐtai h periodikìthta, de qrei�zetai na gr�youme th seir� Fou-
rier me ta jetik� thc proshma sta pl�th, giatÐ den paÐzei kanèna rìlo sthn eÔresh thc periìdou. An
mac zhtoÔse f�sma pl�touc   f�shc, tìte ja èprepe na gÐnei h metatrop  pl�touc k�je hmitìnou
apì arnhtikì se jetikì, me prosj kh kat�llhlhc f�shc.

ShmeÐwsh:

(aþ) An mac zhtoÔse na deÐxoume ìti to s ma eÐnai periodikì, kai met� na upologÐsoume thn perÐodì
tou, tìte ja èprepe (gia na eÐmaste apìluta swstoÐ) na poÔme ìti:
T1
T2 =

1
5
1
2

= 2
5 , pou eÐnai lìgoc akeraÐwn arijm¸n, �ra to s ma eÐnai periodikì. 'Epeita, ja

upologÐzame thn perÐodo me ìpoion trìpo jèlame.
'Ena kalì antipar�deigma sqetik� me aut  th shmeÐwsh, ja  tan to

x(t) = 2 + cos(10πt+ φ1)−
1

2
cos(4t− φ2)

Tìte, ja  tan T1
T2 =

1
5
2
π

= π
10 , to opoÐo profan¸c DEN eÐnai lìgoc akeraÐwn arijm¸n, �ra to

s ma DEN eÐnai periodikì.

(bþ) 'Opwc proanaferjhke, me th diadikasÐa pou akolouj same gia na lÔsoume thn �skhsh, mpo-
roÔme amèswc (èstw, me el�qistec pr�xeic akìma :) ) na apant soume se erwt mata sqedÐashc
f�smatoc pl�touc kai f�shc, klp. 'O,ti qreiazìmaste gia na apant soume se aut� up�rqei
ètoimo sth lÔsh parap�nw!
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9. 'Ena periodikì s ma x(t) = A cos(2πf0t) me perÐodo 5 sec jèloume na kajuster sei
kat� 0.05 sec. Pìsh ja eÐnai h f�sh metatìpis c tou?

LÔsh:
'Estw t0 = 0.05sec. To kajusterhmèno kat� t0 s ma ekfr�zetai wc:

x(t− t0) = A cos(2πf0(t− t0)) = A cos(2πf0t− 2πf0t0) = A cos(2πf0t+ φ)

'Ara

φ = −2πf0t0 = −2π
1

T0
t0 = −2π

1

5
0.05 = −0.02π (28)

Profan¸c, an jèlame na prohgeÐtai kat� t0 = 0.05sec, ja eÐqame φ = 0.02π, me parìmoio sullogi-
smì me parap�nw (ja zhtoÔsame tìte to x(t+ t0)).

10. 'Estw to s ma

x(t) = 1+

+∞∑
k=1

βk cos(2(k+ 1)πt+ φk)

BreÐte thn perÐodì tou.

LÔsh:
Blèpoume ìti gia k = 1, k = 2, k = 3 · · · , paÐrnoume antÐstoiqa suqnìthtec f1 = 2, f2 = 3, f3 =
4 · · · . Profan¸c, ìlec autèc oi suqnìthtec eÐnai pollapl�sia miac jemeli¸douc, thc f0 = 1. 'Ara h
perÐodoc eÐnai T0 = 1

f0
= 1. Prosèxte, to gegonìc ìti den up�rqei sunhmÐtono me tètoia suqnìthta

sthn parap�nw anapar�stash, de shmaÐnei k�ti gia thn perÐodo tou s matoc.

11. 'Ena chirp s ma monadiaÐou pl�touc x(t) metab�llei th suqnìtht� tou apì 3000
Hz se 0 Hz se qrìno 2 sec.
a) Sqedi�ste thn anapar�stash qrìnou-suqnìthtac gia to x(t).
b) BreÐte th majhmatik  morf  tou s matoc.

LÔsh:
'Ena chirp s ma (s ma seir nac, sta ellhnik� :) ) eÐnai èna s ma to opoÐo DE diathreÐ stajer 
suqnìthta me to pèrasma tou qrìnou (ìpwc k�nei to A cos(2πf0t), pou èqei suqnìthta stajer 
kai Ðsh me f0), all� ìso pern�ei o qrìnoc, h suqnìthta metab�lletai grammik� wc proc to qrìno.
S mata seir nac mporeÐte na akoÔsete se peripolik�, asjenofìra   purosbestik� oq mata (makri�
apì mac kai ta tria :) ).
To chirp s ma orÐzetai wc x(t) = cos(θ(t)), me θ(t) = 2πmt2 + 2πf0t + φ, me m mia stajer� pou
lègetai stajer� diamìrfwshc.

H stigmiaÐa suqnìthta tou s matoc x(t) orÐzetai wc: fi(t) =
1
2π

dθ(t)
dt = 2mt+ f0.

a) 'Ena s ma pou metab�llei grammik� th suqnìtht� tou apì 3000 Hz wc 0 Hz se 2 sec, èqei
anapar�stash qrìnou-suqnìthtac ìpwc faÐnetai sto sq ma 2.

b) AfoÔ to s ma metab�lletai grammik� se qronikì di�sthma T = 2 sec apì f1 = 3000 Hz wc f2 = 0
Hz, h stigmiaÐa tou suqnìthta ja eÐnai:

fi(t) =
f2 − f1
T

t+ f1 =
0− 3000

2
+ 3000 = −1500t+ 3000

10



Sq ma 2: S ma seir nac 'Askhshc 2.13

'Ara h f�sh tou ja eÐnai

θ(t) = 2π

∫ t

0
(−1500u+ 3000)du+ φ = 2π(−1500 t

2

2
+ 3000t) + φ = −1500πt2 + 6000πt+ φ

(an den mporeÐte na jum�ste ton tÔpo thc fi(t), mporeÐte apl� na breÐte thn exÐswsh thc eujeÐac
pou pern�ei apì ta (0,3000), (2,0) sto sq ma tou erwt matoc (a). Aut  ja eÐnai h fi(t) ).
'Ara telik� to s ma ja eÐnai to x(t) = cos(−1500πt2 + 6000πt+ φ).

12. AnaptÔxte se seir� Fourier to s ma

x(t) =
sin(2t) + sin(3t)

sin(t)

a) Poi� eÐnai h perÐodoc tou s matoc?
b) Sqedi�ste to f�sma pl�touc kai f�sma f�shc tou s matoc.

LÔsh:
AnaptÔssoume to s ma mac sÔmfwna me touc tÔpouc tou Euler:

x(t) =
sin(2t) + sin(3t)

sin(t)
=

1
2j (e

j2t − e−j2t + ej3t − e−j3t)
1
2j (e

jt − e−jt)

=
1

(ejt − e−jt)
(ej2t − e−j2t + ej3t − e−j3t)

Ja qrhsimopoi soume t¸ra tic tautìthtec:

a2 − b2 = (a− b)(a+ b), (29)

a3 − b3 = (a− b)(a2 + ab+ b2) (30)
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(aþ) F�sma pl�touc 2.14 (bþ) F�sma f�shc 2.14

Sq ma 3: F�sma pl�touc kai f�shc 'Askhshc 2.14

gia ta ekjetik� tou arijmht . Ja eÐnai loipìn:

x(t) =
1

(ejt − e−jt)
(ej2t − e−j2t + ej3t − e−j3t) = 1

(ejt − e−jt)
[(ejt)

2 − (e−jt)
2
+ (ejt)

3 − (e−jt)
3
]

=
1

(ejt − e−jt)
[(ejt − e−jt)(ejt + e−jt) + (ejt − e−jt)(ej2t + 1 + e−j2t)]

=
1

(ejt − e−jt)
(ejt − e−jt)(ejt + e−jt + 1 + ej2t + e−j2t) = ejt + e−jt + 1 + ej2t + e−j2t

= 1 + 2 cos(t) + 2 cos(2t) (31)

a) H perÐodoc tou s matoc ja eÐnai T0 = EKP{2π, π} = 2π.
b) To f�sma pl�touc kai f�shc faÐnontai sta sq mata 3.

13. AnaptÔxte se seir� Fourier to periodikì s ma

x(t) = sin(πf0t) (32)

to opoÐo èqei perÐodo T0.

LÔsh:
EÐnai

X0 =
1

T0

∫ T0

0
x(t)dt

=
1

T0

∫ T0

0
sin
( π
T0

)
dt

= − 1

T0

T0
π

∫ T0

0

(
cos
(πt
T0

))′
dt

= − 1

π
cos
(πt
T0

)∣∣∣T0
0

=
1

π
+

1

π

=
2

π
. (33)
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EpÐshc

Xk =
1

T0

∫ T0

0
x(t)e−j2πkf0tdt =

1

T0

∫ T0

0
sin
(πt
T0

)
e−j2πkf0tdt

= − 1

T0

T0
π

∫ T0

0

(
cos
(πt
T0

))′
e−j2πkf0tdt

= − 1

π
cos
(πt
T0

)
e−j2πkf0t

∣∣∣T0
0

+
1

π

∫ T0

0
cos
(πt
T0

)(
e−j2πkf0t

)′
dt

=
1

π
+

1

π
+

1

π
(−j2πkf0)

∫ T0

0
cos
(πt
T0

)
e−j2πkf0tdt

=
2

π
− 2jk

T0

∫ T0

0
cos
(πt
T0

)
e−j2πkf0tdt

=
2

π
− 2jk

T0

∫ T0

0

T0
π

(
sin
(πt
T0

))′
e−k2πkf0tdt

=
2

π
− 2jk

π
sin
(πt
T0

)
e−j2πkf0t

∣∣∣T0
0

+
2jk

T0

T0
π

(
− 2jπk

T0

)∫ T0

0
sin
(πt
T0

)
e−j2πkf0tdt

=
2

π
+

4k2

T0

∫ T0

0
sin
(πt
T0

)
e−j2πkf0tdt

=
2

π
+ 4k2

1

T0

∫ T0

0
sin
(πt
T0

)
e−j2πkf0tdt

=
2

π
+ 4k2Xk ⇐⇒

Xk − 4k2Xk =
2

π

Xk(1− 4k2) =
2

π

Xk =
2

π(1− 4k2)
(34)

'Ara ja eÐnai

x(t) =
2

π
+

∞∑
k=∞,k 6=0

2

π(1− 4k2)
ej2πkf0t

=
2

π
+

∞∑
k=1

4

π(1− 4k2)
cos(2πkf0t)

=
2

π
+

4

π

∞∑
k=1

1

(1− 4k2)
cos(2πkf0t) (35)
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14. DeÐxte ìti gia pragmatik� s mata isqÔei:

� 'Artio s ma Q 'Artio s ma = 'Artio s ma

� Perittì s ma Q Perittì s ma = 'Artio s ma

� 'Artio s ma Q Perittì s ma = Perittì s ma

LÔsh:

� {
An x(t) �rtio ⇔ x(t) = x(−t)
An y(t) �rtio ⇔ y(t) = y(−t)

}
=⇒ x(t)y(t) = x(−t)y(−t) =⇒ z(t) = z(−t) (36)

pou dhl¸nei ìti to z(t) eÐnai �rtio.

� {
An x(t) perittì ⇔ x(t) = −x(−t)
An y(t) perittì ⇔ y(t) = −y(−t)

}
=⇒ x(t)y(t) = x(−t)y(−t) =⇒ z(t) = z(−t) (37)

pou dhl¸nei ìti to z(t) eÐnai �rtio.

� {
An x(t) �rtio ⇔ x(t) = x(−t)

An y(t) perittì ⇔ y(t) = −y(−t)

}
=⇒ x(t)y(t) = −x(−t)y(−t) =⇒ z(t) = −z(−t)

(38)
pou dhl¸nei ìti to z(t) eÐnai perittì.

15. 'Estw to periodikì s ma x(t) pou orÐzetai se mia perÐodo −T0/2 ≤ t ≤ T0/2 wc:

x(t) =

{
1, |t| ≤ tc
0, tc < |t| ≤ T0/2

me tc < T0/2. AnaptÔxte to se seir� Fourier, gia tc = T0/4 kai tc = T0/10.

LÔsh:
Ja anaptÔxoume to periodikì s ma se seir� Fourier qwrÐc antikat�stash thc tc, h opoÐa ja gÐnei
sto tèloc. EÐnai:

X0 =
1

T0

∫ T0

0
x(t)dt =

1

T0

∫ tc

−tc
1dt =

1

T0
t
∣∣∣tc
−tc

=
1

T0
(tc + tc) =

2tc
T0

(39)

kai

Xk =
1

T0

∫ T0

0
x(t)e−j2πkf0tdt

=
1

T0

∫ tc

−tc
e−j2πkf0tdt

=
1

T0

1

−j2πkf0
e−j2πkf0t

∣∣∣tc
−tc

= − 1

j2πk

(
e−j2πkf0tc − ej2πkf0tc

)
=

1

j2πk
2j sin(2πkf0tc)

=
sin(2πkf0tc)

πk
(40)
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� Gia tc =
T0
4 , èqoume

X0 =
2T0/4

T0
=

1

2
(41)

Xk =
sin(2πkf0T0/4)

πk
=

sin(πk/2)

πk
=

1

2
sinc(k/2) (42)

� Gia tc =
T0
10 , èqoume

X0 =
2T0/10

T0
=

1

5
(43)

Xk =
sin(2πkf0T0/10)

πk
=

sin(πk/5)

πk
=

1

5
sinc(k/5) (44)
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