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15-3-2010

1. Na sqedi�sete to f�sma pl�touc kai to f�sma f�shc tou s matoc

x(t) = 2 + cos(2πt)− sin(πt)− 3 cos(3πt).

LÔsh:

Ja qreiastoÔme tic tautìthtec:

sin(θ) = cos(θ − π/2),

− sin(θ) = cos(θ + π/2) kai

cos(θ + π) = − cos(θ).

Ja metatrèyoume ta sin se cos kai ja frontÐsoume ta prìshma na eÐnai ìla jetik�, eis�gontac

ìpou qrei�zetai thn kat�llhlh f�sh.

EÐnai: x(t) = 2 + cos(2πt)− sin(πt)− 3 cos(3πt) =

= 2 + cos(2πt) + cos(πt+ π/2) + 3 cos(3πt+ π) =

= 2 + 1
2
ej2πt + 1

2
e−j2πt + 1

2
ejπtejπ/2 + 1

2
e−jπte−jπ/2 + 3

2
ej3πtejπ + 3

2
e−j3πte−jπ.

To f�sma pl�touc kai to f�sma f�shc faÐnontai sta parak�tw sq mata:
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2. 'Estw to s ma

x(t) = sin2(5πt) cos(22πt).

BreÐte thn perÐodo T0 tou s matoc kai upologÐste to olokl rwma:

∫ T0

0

x2(t)dt.

LÔsh:

Gia na broÔme thn perÐodo, ja prèpei na gr�youme to x(t) wc �jroisma hmitìnwn  /kai sunh-

mitìnwn. EÐnai:

x(t) = sin2(5πt) cos(22πt) =

= ( 1
2j
ej5πt − 1

2j
e−j5πt)2(1

2
ej22πt + 1

2
e−j22πt) =

= ( 1
4j2

ej10πt − 2 1
2j

1
2j
ej5πte−j5πt + 1

4j2
e−j10πt)(1

2
ej22πt + 1

2
e−j22πt) =

= (−1
4
ej10πt + 1

2
− 1

4
e−j10πt)(1

2
ej22πt + 1

2
e−j22πt) =

= −1
8
ej32πt − 1

8
e−j12πt + 1

4
ej22πt + 1

4
e−j22πt − 1

8
e−j32πt − 1

8
ej12πt = (1)

= −1
4
cos(12πt) + 1

2
cos(22πt)− 1

4
cos(32πt) = (2)

= −1
4
cos(2π6t) + 1

2
cos(2π11t)− 1

4
cos(2π16t)

= 1
4
cos(2π6t+ π) + 1

2
cos(2π11t) + 1

4
cos(2π16t+ π)

'Enac diaforetikìc trìpoc lÔshc ja  tan na qrhsimopoi soume tic trigwnometrikèc tautìth-

tec:
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sin2(θ) =
1

2
− 1

2
cos(2θ)

kai

cos(θ) cos(ω) =
1

2
cos(θ + ω) +

1

2
cos(θ − ω)

Tìte ja eÐnai:

(1
2
− 1

2
cos(10πt)) cos(22πt) = 1

2
cos(22πt)− 1

2
cos(22πt) cos(10πt) =

1
2
cos(22πt) + 1

4
cos(32πt+ π) + 1

4
cos(12πt+ π).

Profan¸c, h jemeli¸dhc suqnìthta ja eÐnai: f0 = MKD(6, 11, 16) = 1. 'Ara T0 =
1
f0

= 1.

T¸ra, to zhtoÔmeno olokl rwma eÐnai dÔskolo na upologisteÐ kateujeÐan sto pedÐo tou

qrìnou. 'Omwc h sqèsh tou Parseval mac lèei ìti:

1

T0

∫ T0

0

x2(t)dt =
+∞∑

k=−∞

|Xk|2 = A2
0 +

+∞∑
k=1

(Ak)
2

2
.

ìpou Xk oi suntelestèc tou dÐpleurou anaptÔgmatoc (sqèsh 1) kai Ak oi suntelestèc tou

monìpleurou anaptÔgmatoc (sqèsh 2). Epilèxte ìpoio sac boleÔei.

'Ara ja eÐnai:

∫ T0

0

x2(t)dt = T0

+∞∑
k=−∞

|Xk|2 = 4| − 1

8
|2 + 2| − 1

4
|2 = 4

64
+

2

16
=

12

64
=

3

16
.

Sto Ðdio apotèlesma katal goume kai me ton tÔpo

T0(A
2
0 +

+∞∑
k=1

(Ak)
2

2
) = 2(

(1
4
)2

2
) + (

(1
2
)2

2
) =

1

16
+

1

8
=

3

16
.
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3. AnaptÔxte se Seir� Fourier to periodikì, me perÐodo T0, s ma:

x(t) =

 1, 0 ≤ t < T0

2

2− 2 t
T0
, T0

2
≤ t < T0

Sac dÐnetai ìti:
∫
teatdt = eat

a
(t− 1

a
).

LÔsh:

Ja anaptÔxoume to s ma kat� thn ekjetik  seir� Fourier. GnwrÐzoume ìti:

X0 =
1

T0

∫ T0

0

x(t)dt kai Xk =
1

T0

∫ T0

0

x(t)e−j2πkf0tdt

EÐnai qr simo na jumìmaste ìti f0T0 = 1, e±j2πk = 1, kai e−jπk = −1. Ja eÐnai loipìn:

X0 =
1

T0

∫ T0

0

x(t)dt =
1

T0

(

∫ T0
2

0

1dt+

∫ T0

T0
2

(2− 2

T0

t)dt)

=
1

T0

t|
T0
2
0 +

1

T0

2t|T0
T0
2

− 1

T0

∫ T0

T0
2

2

T0

tdt

=
1

T0

(
T0

2
− 0) +

2

T0

(T0 −
T0

2
)− 1

T0

∫ T0

T0
2

(
2

T0

t)dt)

=
1

2
+ 1− 2

T 2
0

(
t2

2
)|T0

T0
2

=
3

2
− 2

T 2
0

(
T 2
0

2
− T 2

0

8
)

=
3

2
− 2(

1

2
− 1

8
) =

3

2
− 2

3

8
=

3

2
− 6

8
=

3

4
⇐⇒ X0 =

1

T0

∫ T0

0

x(t)dt =
3

4
.

EpÐshc,

Xk =
1

T0

∫ T0

0

x(t)e−j2πkf0tdt =
1

T0

(

∫ T0

0

1e−j2πkf0tdt+

∫ T0

0

(2− 2

T0

t)e−j2πkf0tdt)

5



=
1

T0

e−j2πkf0t

−j2πkf0
|
T0
2
0 +

1

T0

∫ T0

T0
2

2e−j2πkf0tdt− 2

T 2
0

∫ T0

T0
2

te−j2πkf0tdt

=
1

−j2πk
(e−jπk − 1) +

2

T0

e−j2πkf0t

−j2πkf0
|T0
T0
2

− 2

T 2
0

(
e−j2πkf0t

−j2πkf0
(t− 1

−j2πkf0
)|T0

T0
2

)

=
1

−j2πk
(e−jπk − 1) +

2

T0

(
e−j2πk

−j2πkf0
− e−jπk

−j2πkf0
)− 2

T 2
0

(
e−j2πk

−j2πkf0
(T0 −

1

−j2πkf0
)−

− e−jπk

−j2πkf0
(
T0

2
− 1

−j2πkf0
))

=
1

−j2πk
(e−jπk − 1) +

2

−j2πk
− 2e−jπk

−j2πk
− 2

−j2πk
− 2

T 2
0 (−j2πkf0)(j2πkf0)

+
e−jπk

−j2πk
+

+
2e−jπk

T 2
0 (−j2πkf0)(j2πkf0)

=
1

−j2πk
(e−jπk − 1) +

2

−j2πk
− 2e−jπk

−j2πk
− 2

−j2πk
− 1

2π2k2
+

e−jπk

−j2πk
+

e−jπk

2π2k2

= −e−jπk

j2πk
+

1

j2πk
+ 2

e−jπk

j2πk
− 1

2π2k2
− e−jπk

j2πk
+

e−jπk

2π2k2

=
1

j2πk
− 1

2π2k2
(1− e−jπk)

=
1

2πk
e−j π

2 − 1

2π2k2
(1− e−jπk).

Opìte telik� oi suntelestèc Fourier eÐnai oi :

X0 =
3

4
kai Xk =

1

2πk
e−j π

2 − 1

2π2k2
(1− e−jπk).

MporoÔme na gr�youme t¸ra ìti:

x(t) = X0 +
+∞∑

k=−∞,k ̸=0

Xke
j2πkf0t =

3

4
+

+∞∑
k=−∞,k ̸=0

(
1

2πk
e−j π

2 − 1

2π2k2
(1− e−jπk))ej2πkf0t

=
3

4
+

+∞∑
k=−∞,k ̸=0

1

2πk
e−j π

2 ej2πkf0t −
+∞∑

k=−∞,k ̸=0

1

2π2k2
(1− e−jπk)ej2πkf0t
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=
3

4
+

+∞∑
k=−∞,k ̸=0

1

2πk
ej(2πkf0t−

π
2
) −

+∞∑
k=−∞,k ̸=0

1

2π2k2
(1− e−jπk)ej2πkf0t.

ParathroÔme ìti (1− e−jπk) = 1− (−1)k, �ra:

(1− e−jπk) =

 2, k odd

0, k even

'Ara ja eÐnai:

x(t) =
3

4
+

+∞∑
k=−∞,k ̸=0

1

2πk
ej(2πkf0t−

π
2
) −

+∞∑
k odd

1

2π2k2
2ej2πkf0t

x(t) =
3

4
+

+∞∑
k=−∞,k ̸=0

1

2πk
ej(2πkf0t−

π
2
) −

+∞∑
k=−∞

2

2π2(2k − 1)2
ej2π(2k−1)f0t.

An jèloume na proqwr soume akìma lÐgo kai na anaptÔxoume to s ma mac se monìpleurh

seir� Fourier tìte ja èqoume:

x(t) =
3

4
+

+∞∑
k=−∞,k ̸=0

1

2πk
ej(2πkf0t−

π
2
) −

+∞∑
k=−∞

2

2π2(2k − 1)2
ej2π(2k−1)f0t

=
3

4
+

+∞∑
k=1

2

2πk
cos(2πkf0t−

π

2
)−

+∞∑
k=1

4

2π2(2k − 1)2
cos(2π(2k − 1)f0t)

=
3

4
+

+∞∑
k=1

1

πk
sin(2πkf0t)−

+∞∑
k=1

2

π2(2k − 1)2
cos(2π(2k − 1)f0t),

giatÐ xèroume ìti gia touc suntelestèc tou monìpleurou anaptÔgmatoc se seir� Fourier i-

sqÔei ìti:

Ak = 2|Xk|
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