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1 Eisagwg 

'Eqoume  dh dei ìti o metasq. Fourier eÐnai èna ergaleÐo pou mac epitrèpei na anaparistoÔme èna s ma
x(t) san èna suneqèc �jroisma (olokl rwma) ekjetik¸n shm�twn thc morf c ejωt, dhl.

x(t) =
1

2π

∫ ∞
−∞

X(ω)ejωtdω (1)

pou den eÐnai �llh sqèsh fusik� ektìc apì ton antÐstr. metasq. Fourier.
'Estw loipìn èna s ma

x(t)←→ X(ω) (2)

'Estw, gia lìgouc eukolÐac, ìti X(ω) ∈ <. GnwrÐzete p¸c na sqedi�sete èna f�sma. DeÐte to sq ma 1. O
�xonac p�nw ston opoÐo orÐzetai oX(ω) eÐnai oi gnwstèc mac suqnìthtec, pou èqoume apl� antikatast sei
to ω me to jω, mia autì eÐnai to ìrisma twn ekjetik¸n mac sto metasq. Fourier. Se autì to sq ma, apl�
èqoume orÐsei èna q¸ro, ston opoÐo oi x, y diast�seic tou eÐnai to migadikì epÐpedo, kai h trÐth di�stash
eÐnai oi timèc tou metasq. Fourier. De sac to eÐqame pei rht� (to kratoÔsame gia èkplhxh :-R ), all� ìso

Sq ma 1: O metasq. Fourier sto migadikì s-epÐpedo

douleÔete me to metasq. Fourier, ousiastik� èna tètoio s ma blèpete, upì aut  thn optik , apl� profan¸c
eÐnai polÔ pio bolikì na to sqedi�zoume ìpwc èqoume dei pollèc forèc, se èna didi�stato epÐpedo, par�
ìpwc sto sq ma 1. :-) Blèpete loipìn ìti o metasq. Fourier X(ω) orÐzetai p�nw ston katakìrufo �xona
twn fantastik¸n suqnot twn jω tou migadikoÔ epipèdou. MONON ekeÐ ìmwc. To blèpete �llwste, to
s ma eÐnai san mia ��fèta�� pou feÔgei mìno proc ta ��p�nw�� apo to fantastikì �xona. 'Omwc, to migadikì
epÐpedo èqei profan¸c ki �llec eujeÐec p�nw stic opoÐec mporoÔme na orÐsoume metasqhmatismoÔc. Mia
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apì autèc faÐnetai sto sq ma 1, ki aut  eÐnai h <{s} = σ = 3. P�nw se autìn ton �xona, ja eÐqame
suqnìthtec s = σ+jω = 3+jω, kai h probol  tou s matoc x(t) ja ginìtan p�nw se ekjetik� thc morf c
e−(3+jω)t. Stamat�me ed¸ proswrin�, an kai prèpei  dh na èqete upoyiasteÐ ti prìkeitai na sumbeÐ. :-)
Epistrèfoume sto metasq. Fourier loipìn. Mia tètoia anapar�stash eÐnai polÔtimh sthn an�lush kai
epexergasÐa shm�twn. OMWS (pantoÔ up�rqei èna ��ìmwc �� pou mac qal�ei th di�jesh :-) ) eÐdame ìti
o metasq. Fourier up�rqei mìno gia mia periorismènh kathgorÐa shm�twn, p.q. o metasq. Fourier den
orÐzetai gia s mata thc morf c

x(t) = eatu(t), a > 0 (3)

dhl. gia aÔxonta ekjetik� (de mou arèsei oÔte ki emèna o ìroc � growing exponentials eÐnai sta Agglik� �
all� ac mou to epitrèyete :-R ). EpÐshc, up�rqoun perioqèc ìpwc h An�lush Susthm�twn, pou o metasq.
Fourier de mac bohj� polu.

Sq ma 2: Den antilamb�nontai touc metasqhmatismoÔc ìloi me ton Ðdio trìpo... :-)

1.1 O metasqhmatismìc Laplace

O basikìc lìgoc gia tic duskolÐec pou mac prokÔptoun eÐnai ìti gia merik� s mata, ìpwc to s ma
sth sqèsh (3), o metasq. Fourier den up�rqei, epeid  ta sun jh hmÐtona   ekjetik� thc morf c ejωt eÐnai
anÐkana na sunjèsoun aÔxonta ekjetik� s mata, ìpwc to parap�nw (k�pwc logikì, an skefteÐte ìti èqoun
peperasmèno pl�toc X(ω), ìpwc eÐdame sth sqèsh (1) ). An af soume th fantasÐa mac eleÔjerh (POLU
eleÔjerh :-) ), ja doÔme ìti to prìblhma autì mporeÐ na lujeÐ. P¸c? An mporoÔsame na qrhsimopoi soume
wc s mata b�shc ekjetik� thc morf c est, me to s na mhn periorÐzetai mìno p�nw sto fantastikì �xona
(ìpwc ginetai ston metasq. Fourier). Autì akrib¸c gÐnetai ston perÐfhmo metasqhmatismì Laplace.
Ed¸, h suqnìthtec eÐnai migadikèc, thc morf c s = σ + jω, kai aut  h genÐkeush mac epitrèpei na
qrhsimopoi soume aÔxonta ekjetik� (kai �ra aÔxonta hmÐtona) gia na sunjèsoume èna s ma x(t). Poi�
eÐnai aut�? Ma fusik� ta eσtejωt! :-) Prin p�me sta majhmatik�, ac prospaj soume na katal�boume
diaisjhtik� kai me èna aplì par�deigma ti akrib¸c kerdÐzoume me to metasqhmatismì autì.

1.2 Diaisjhtik  katanìhsh tou metasq. Laplace

An èna s ma loipìn, ìpwc to x(t) = eatu(t), a > 0, sto sq ma 3aþ, den èqei metasq. Fourier, mporoÔme
na to k�noume na èqei, pollaplasi�zont�c to me èna fjÐnon ekjetikì, ìpwc to e−σt. Gia par�deigma, to
s ma

x(t) = e2tu(t) (4)

mporeÐ na gÐnei metasqhmatÐsimo (polÔ koultoÔra :-) ) kat� Fourier, apl� pollaplasi�zont�c to me to
e−σt, me σ > 2, orÐzontac ètsi to

x̂(t) = x(t)e−σt = e(2−σ)tu(t) (5)

Autì to nèo s ma eÐnai s ma enèrgeiac pia, ìpwc faÐnetai sto sq ma 3bþ � p�nta gia σ > 2. 'Ara to s ma
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(aþ) To aÔxon ekjetikì x(t) (bþ) To fjÐnon ekjetikì x̂(t)

Sq ma 3: Ekjetik� s mata

x̂(t) èqei plèon metasq. Fourier, X̂(ω), kai oi sunist¸sec tou eÐnai thc morf c ejωt, me suqnìthtec f pou
trèqoun apì −∞ wc ∞. Ta ekjetik� thc morf c ejωt kai e−jωt ja prostejoÔn kai ja mac d¸sun èna
hmÐtono, ìpwc kal� xèroume apì tic sqèseic tou Euler. Ac to deÐxoume xan� ed¸, gia na mhn y�qnete se
�llo kef�laio :-) kai gia lìgouc sÔgkrishc me to metasq. Laplace.
'Estw mia suqnìthta ∆ω tou suneqoÔc f�smatoc tou s matoc. Epeid  analÔoume pragmatik� s mata, ja
up�rqei kai h antÐstoiqh suqnìthta −∆ω kai to pl�toc kajemi�c ja eÐnai X̂(∆ω) kai X̂∗(∆ω) antÐstoi-
qa, lìgw twn gnwst¸n idiot twn gia ta pragmatik� s mata. 'Ara prosjètont�c ta, ìpwc epit�ssei to
olokl rwma, ja èqoume:

X̂(∆ω)ej∆ωt + X̂∗(∆ω)e−j∆ωt

= |X̂(∆ω)|ejφ∆ωej∆ωt + (|X̂(∆ω)|ejφ∆ω)∗e−j∆ωt

= |X̂(∆ω)|ejφ∆ωej∆ωt + |X̂(∆ω)|e−jφ∆ωe−j∆ωt

= |X̂(∆ω)|ej(∆ωt+φ∆ω) + |X̂(∆ω)|e−j(∆ωt+φ∆ω)

= 2|X̂(∆ω)| cos(∆ωt+ φ∆ω) (6)

To f�sma perièqei ènan �peiro arijmì apì tètoia hmÐtona, stajeroÔ pl�touc 2|X̂(∆ω)|. Ja  tan polÔ
qronobìro na sqedi�soume ìla aut� ta hmÐtona, ètsi sto sq ma 4aþ deÐqnoume mìno duo apì aut�. H
prìsjesh ìlwn aut¸n twn sunistws¸n (�peirwn se arijmì) ja mac d¸sei to x̂(t). EÐnai ìmwc profanèc
ìti to epijumhtì s ma x(t) mporeÐ na suntejeÐ apì ton pollaplasiasmì tou x̂(t) me ta e+σt, ètsi den eÐnai?
Autì ti shmaÐnei? ShmaÐnei ìti pollaplasi�zoume k�je fasmatik  sunist¸sa X̂(ω) tou x̂(t) me e+σt, kai
met� tic prosjètoume. IdoÔ:

x(t) = x̂(t)e+σt = e+σt

∫
X̂(ω)ejωtdω =

∫
e+σt[X̂(ω)ejωt]dω (7)

All� mia tètoia kÐnhsh shmaÐnei epÐshc ìti ta hmÐtona pou prokÔptoun ja èqoun aÔxonta pl�th! H
prìsjesh ìlwn aut¸n twn aÔxontwn hmitìnwn ja mac d¸sei to x(t)! GiatÐ? Ac k�noume to Ðdio me th
sqèsh (6), mìno pou t¸ra ac upojèsoume ìti èqoume pl�th X̂(∆ω)eσt:

eσtX̂(∆ω)ej∆ωt + eσtX̂∗(∆ω)e−j∆ωt = 2|X̂(∆ω)|eσt cos(∆ωt+ φ∆ω) (8)

EÐnai fanerì ed¸ ìti ta pl�th twn hmitìnwn DEN eÐnai stajer�, ìpwc sthn perÐptwsh tou metasq. Fou-
rier, all� eÐnai sunart sei tou qrìnou, 2|X̂(∆ω)|eσt, kai m�lista eÐnai kai aÔxonta, ìpwc sto sq ma 4bþ!
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(aþ) StajeroÔ pl�touc hmÐtona (bþ) MetablhtoÔ pl�touc hmÐtona

Sq ma 4: HmÐtona twn duo metasqhmatism¸n

EpÐshc, o pollaplasiasmìc twn sunistws¸n tou x̂(t) me to e+σt ja mac d¸sei sunist¸sec thc morf c
e(σ+jω)t, ìpwc eÐnai fanerì apì th sqèsh (7), en¸nontac ta duo ekjetik� mèsa sto olokl rwma! 'Ara,
k�je suqnìthta thc morf c jω tou x̂(t) metasqhmatÐzetai se mia �llh suqnìthta σ + jω sto f�sma tou
x(t). 'Ara poÔ ja brÐskontai autèc oi nèec suqnìthtec? PoÔ alloÔ, ektìc apì p�nw se mia nèa eujeÐa sto
migadikì s-epÐpedo, sthn eujeÐa pou perilamb�nei tic suqnìthtec σ + jω!
Plèon eÐnai xek�jaro ìti to s ma x(t) mporeÐ na suntejeÐ apì aÔxonta ekjetik� pou brÐskontai sto mo-
nop�ti σ + jω, me to ω na kumaÐnetai apì −∞ èwc ∞. H tim  tou σ eÐnai metablht . Gia par�deigma,
an x(t) = e2tu(t), tìte to x̂(t) = x(t)e−σt mporeÐ na gÐnei metasqhmatÐsimo kat� Fourier an dialèxoume
σ > 2. 'Ara katalabaÐnete ìti èqoume �peirec epilogèc gia thn tim  tou σ. Autì shmainei ìti to f�sma
tou x(t) den eÐnai monadikì, kai ìti up�rqoun �peiroi trìpoi na sunjèsoume to x(t). 'Omwc, to σ èqei mia
el�qisth, sugkekrimènh tim  σ0 gia èna dedomèno x(t) (ìpwc ed¸, σ0 = 2, gia x(t) = e2tu(t)). Aut  h
perioq  tou migadikoÔ s-epipèdou pou orÐzontai �peiroi trìpoi sÔnjeshc tou x(t) apì ta aÔxonta ekjetik�
lègetai PedÐo SÔgklishc tou metasqhmatismoÔ tou x(t).

Autìc o nèoc metasqhmatismìc loipìn, pou qrhsimopoieÐ ekjetik� thc morf c e(σ+jω)t lègetai Me-
tasqhmatismìc Laplace kai orÐzetai wc:

X(s) =

∫ ∞
−∞

x(t)e−stdt (9)

en¸ o antÐstrofìc tou wc:

x(t) =
1

2πj

∫ σ+j∞

σ−j∞
X(s)estds (10)

o opoÐoc ìmwc de ja qrhsimopoihjeÐ gia touc skopoÔc mac, mia kai up�rqoun pio eÔkoloi trìpoi apì thn
epÐlush enìc oloklhr¸matoc sto migadikì epÐpedo... :-)

1.3 'Uparxh tou metasq. Laplace

Mia ikan  sunj kh gia thn Ôparxh tou metasq. Laplace eÐnai h∫ ∞
−∞
|x(t)e−σt|dt <∞ (11)
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'Otan to parap�nw olokl rwma sugklÐnei gia k�poia tim  σ, tìte up�rqei o metasq. Laplace. ApodeiknÔ-
etai ìti k�je s ma pou aux�nei ìqi grhgorìtera apì to ekjetikì s maMeσ0t, gia k�poiaM,σ0, ikanopoieÐ
aut  th sunj kh (11). Gia par�deigma, to s ma x(t) = et

2
aux�nei pio gr gora apì to eσ0t, kai �ra den

èqei metasq. Laplace. Eutuq¸c, tètoia s mata èqoun el�qisth jewrhtik    praktik  shmasÐa.
Bèbaia, ìpwc kai sto metasq. Fourier, aut  h sunj kh den eÐnai kai anagkaÐa. Gia par�deigma, to s ma
x(t) = 1√

t
apeirÐzetai sto t = 0 kai h sqèsh (11) den ikanopoieÐtai, all� o metasqhmatismìc Laplace

up�rqei kai eÐnai o X(s) =
√

π
s . EmeÐc den asqoloÔmaste me tètoia s mata, kai p�nta ìtan zhteÐtai o

metasq. Laplace, upojètoume ìti up�rqei, dhl. ìti to olokl rwma tou metasq. Laplace sugklÐnei.

1.4 SunoyÐzontac...

O metasq. Laplace eÐnai genik� mia ��epèktash�� tou metasq. Fourier, gia s mata twn opoÐwn to
suqnotikì perieqìmeno den mporeÐ na upologisteÐ ap' thn klasik  jewrÐa Fourier. O metasq. Fourier
prob�llei to s ma p�nw se suqnìthtec pou orÐzontai sto fantastikì �xona (e−jωt). All�zontac tic
sunart seic b�shc e−jωt se e−(σ+jω)t, prob�lloume to s ma se eujeÐec par�llhlec me ton �xona twn
fantastik¸n. Oi nèec suqnìthtec σ + jω eÐnai, ìpwc eÐnai fanerì, migadikèc plèon.
O metasq. Laplace orÐzetai wc:

X(s) =

∫ ∞
−∞

x(t)e−stdt (12)

me s = σ+ jω, σ, ω ∈ <. 'Opwc eÔkola diapist¸nete, an jèsoume σ = 0, o metasq. Laplace metatrèpetai
ston metasq. Fourier:

X(s)
∣∣∣
σ=0

=

∫ ∞
−∞

x(t)e−(0+jω)tdt = X(ω) (13)

Gia aitiat� s mata, orÐzetai o monìpleuroc metasq. Laplace wc:

X(s) =

∫ ∞
0

x(t)e−stdt (14)

pou de diafèrei se poll� apì ton dÐpleuro metasq. Laplace pou suzhtoÔsame wc t¸ra.

2 EÐdh shm�twn

An kai èqei prohghjeÐ mia diaisjhtik  parousÐash twn eid¸n shm�twn sth jewrÐa sqetik� me thn
an�lush Fourier, ed¸ ja orÐsoume tupik� ta s mata an�loga me th jèsh kai th di�rkei� touc sto qrìno.
Aut  h di�krish ja mac bohj sei polÔ sto na orÐzoume eÔkola kai gr gora thn perÐfhmh perioq  sÔgklishc
- region of convergence tou metasq. Laplace, sthn opoÐa ja anaferjoÔme sthn epìmenh par�grafo. Pr¸ta
ìmwc, ac doÔme ta eÐdh shm�twn:

• Aristerìpleuro lègetai to s ma gia to opoÐo isqÔei (sq ma 5aþ)

f(t) = 0, t ≥ t0 (15)

• Dexiìpleuro lègetai to s ma gia to opoÐo isqÔei (sq ma 5bþ)

f(t) = 0, t ≤ t0 (16)

• AmfÐpleuro (  dÐpleuro) lègetai to s ma gia to opoÐo isqÔei (sq ma 5gþ)

f(t) 6= 0, t ∈ < (17)
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(aþ) Aristerìpleuro s ma (bþ) Dexiìpleuro s ma (gþ) AmfÐpleuro s ma (dþ) Peperasmènhc di�r-
keiac s ma

Sq ma 5: EÐdh shm�twn

(aþ) Aitiatì s ma (bþ) Anti-aitiatì s ma

Sq ma 6: Aitiatì kai anti-aitiatì s ma

• Peperasmènhc di�rkeiac lègetai to s ma gia to opoÐo isqÔei (sq ma 5dþ)

f(t) 6= 0, t0 ≤ t ≤ t1 (18)

H di�krish twn eid¸n eÐnai sqetik� eÔkolh upìjesh, eÐte apì ton orismì touc eÐte apì th grafik  touc
par�stash. Ac gnwrÐsoume ìmwc ed¸ kai duo nèec kathgorÐec shm�twn:

• Aitiat� lègontai ta s mata gia ta opoÐa isqÔei

f(t) = 0, t < 0 (19)

ìpwc sto sq ma 6aþ.

• AntÐ-aitiat� lègontai ta s mata gia ta opoÐa isqÔei h sqèsh

f(t) = 0, t > 0 (20)

ìpwc autì sto sq ma 6bþ.

• Up�rqoun kai ta mh aitiat� s mata, gia ta opoÐa h sqèsh (19) den isqÔei, ìpwc ta s mata se ìla
ta sq mata 5.

3 Perioq  SÔgklishc

H perioq  sÔgklishc (region of convergence - ROC) prokaleÐ suqn� sÔgqush tìso ìson afor� thn
proèleus  thc, ìso kai th qr sh thc kai th shmasÐa thc. Ed¸ ja xekajarÐsoume ìla aut�, qrhsimopoi¸n-
tac tria qarakthristik� paradeÐgmata.

1. Ac p�roume èna s ma gia to opoÐo o metasq. Fourier den up�rqei. Gia par�deigma, to s ma

x(t) = eatu(t), a ∈ < (21)
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Sq ma 7: Ta anti-aitiat� sust mata mporoÔn na gÐnoun pragmatopoi sima me qronik  kajustèrhsh!

Gi' autì to s ma, den up�rqei o metasq. Fourier, mìno an a > 0. Ac to deÐxoume, elègqontac to
krit rio sqetik� me thn apìluth olokl rwsh. IsqÔei ìti∫ ∞

−∞
|x(t)|dt =

∫ ∞
0
|eat|dt =

∫ ∞
0

eatdt =
1

a
eat
∣∣∣∞
0

(22)

An a ∈ <+, to olokl rwma gia t =∞ ja apoklÐnei sto +∞. 'Ara o metasq. Fourier den up�rqei.
Fusik� gnwrÐzoume ìti to krit rio autì eÐnai ikanì all� ìqi kai anagkaÐo, giatÐ p.q. kai gia ta
hmitonoeid  s mata to krit rio thc apìluthc olokl rwshc den isqÔei all� gnwrÐzoume ìti up�rqei
o metasq. Fourier, me qr sh twn sunart sewn Dèlta. Par' ìla aut�, gia to sugkekrimèno s ma,
autì eÐnai arketì. EpÐshc, an k�poioc apì es�c mp ke ston kìpo na skefteÐ p¸c eÐnai h grafik 
par�stash tou s matoc autoÔ, ja diapÐstwse ìti prìkeitai gia èna mh fragmèno s ma isqÔoc, �ra
ja eÐqe mia upoyÐa gia to ìti den up�rqei o metasq. Fourier, oÔte kan me qr sh sunart sewn Dèlta.
:-)
Ap' thn �llh, an a < 0, tìte o metasq. Fourier up�rqei, mia kai to s ma mac eÐnai s ma enèrgeiac.
Ac jewr soume sto par�deigm� mac, ìti a ∈ <, gia perissìterh genikìthta. Ac dokim�soume na
efarmìsoume ton metasq. Laplace kai na doÔme merik� pr�gmata:

X(s) =

∫ ∞
−∞

x(t)e−stdt =

∫ ∞
0

e(a−s)tdt =
1

a− s
e(a−s)t

∣∣∣∞
0

=
1

a− s

(
lim

t→+∞
e(a−s)t − 1

)
(23)

Ed¸ t¸ra prèpei na stamat soume. Prèpei na èqete katal�bei ti prìkeitai na sumbeÐ apì parìmoia
diadikasÐa pou eÐdame sto metasq. Fourier... Gia na mhn apoklÐnei autì to ìrio sto ∞, ja prèpei
to ìrisma tou ekjetikoÔ na eÐnai arnhtikì, ¸ste to ìrio na teÐnei sto mhdèn. Gia na isqÔei autì,
ja prèpei na isqÔei a− s < 0. 'Ena leptì ìmwc. To s = σ + jω eÐnai migadikìc arijmìc, �ra kai o
a − s. Wc gnwstìn, oi migadikoÐ arijmoÐ DEN èqoun di�taxh, �ra to na poÔme ìti prèpei na isqÔei
a− s < 0 eÐnai QWRIS NOHMA!
Ja ekmetalleutoÔme loipìn to plèon gnwstì l mma thc Migadik c An�lushc, pou upenjumÐzetai
ìti lèei ìti

e�n limt→+∞ f(t) = 0 kai g(t) eÐnai fragmènh kat' apìluth tim , tìte
limt→+∞ f(t)g(t) = 0.

Gia na doÔme an mporoÔme kat' arq�c na to deÐxoume autì gia to s ma mac. MporoÔme na gr�youme
to s ma mac wc ginìmeno miac fragmènhc kai miac sun�rthshc pou sugklÐnei sto mhdèn? EÐnai:

e(a−s)t = e(a−(σ+jω)t) = e((a−σ)−jω)t = e(a−σ)te−jωt = f(t)g(t) (24)
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'Omwc
|e−jωt| = 1, (25)

gia k�je f, t, ìpwc èqoume dei. Opìte na h fragmènh mac sun�rthsh, h g(t) = e−jωt. 'Ara arkeÐ na
doÔme pìte isqÔei ìti

lim
t→+∞

f(t) = lim
t→+∞

e(a−σ)t = 0 (26)

kai met� mporoÔme na suneqÐsoume th lÔsh thc �skhs c mac. Ed¸ plèon, ston ekjèth mac èqoume
pragmatikoÔc arijmoÔc, �ra xèroume ìti h sun�rthsh e(a−σ)t fjÐnei sto 0 ìtan t→ +∞, mìno an

a− σ < 0⇔ a < σ ⇔ <{s} > a (27)

Aut  h sqèsh lègetai pedÐo sÔgklishc, giatÐ apoteleÐ to q¸ro p�nw sto epÐpedo gia ton opoÐo
up�rqei o metasq. Laplace, dhl. to sqetikì olokl rwma sugklÐnei! Opìte deÐxame ìti h sun�rthsh
e(a−s)t gr�fetai wc ginìmeno duo sunart sewn, ek twn opoÐwn h mia eÐnai fragmènh kai h �llh
sugklÐnei to mhdèn, kai �ra, ap 'to gnwstì l mma, to ginìmenì touc sugklÐnei ki autì sto mhdèn.
Ac oloklhr¸soume th lÔsh mac.

(23)⇒ X(s) =
1

a− s

(
lim

t→+∞
e(a−s)t − 1

)
=

1

a− s

(
0− 1

)
=

1

s− a
, <{s} > a (28)

'Ara o metasq. Laplace tou s matoc x(t) = eatu(t), a ∈ <, eÐnai

x(t) = eatu(t)↔ X(s) =
1

s− a
, <{s} > a (29)

O arijmìc a lègetai pìloc tou metasq. Laplace, kai to pedÐo sÔgklishc eÐnai to hmiepÐpedo DEXIA
thc katakìrufhc eujeÐac σ = a, ìpwc br kame parap�nw, qwrÐc na thn perilamb�nei. Fusik�, sto
hmiepÐpedo <{s} ≤ a, o metasq. Laplace DEN sugklÐnei!

2. Ac doÔme �llo èna par�deigma. 'Estw t¸ra to s ma x(t) = −eatu(−t), tou opoÐou jèloume na
upologÐsoume to metasq. Laplace. An a ∈ <+, tìte to s ma eÐnai s ma enèrgeiac, kai o metasq.
Fourier tou up�rqei. An ìmwc a ∈ <−, tìte den up�rqei o metasq. Fourier, mia kai tìte to s ma
eÐnai s ma isqÔoc, kai to olokl rwma tou metasq. Fourier apoklÐnei sto ∞. Ac jewr soume ìti
a ∈ <, qwrÐc periorismoÔc. O metasq. Laplace ja eÐnai:

X(s) =

∫ ∞
−∞

x(t)e−stdt = −
∫ 0

−∞
e(a−s)tdt = − 1

a− s
e(a−s)t

∣∣∣0
−∞

= − 1

a− s

(
1− lim

t→−∞
e(a−s)t

)
(30)

Eqoume xan� thn Ðdia kat�stash me to prohgoÔmeno par�deigma. Jèloume na upologÐsoume to

lim
t→−∞

e(a−s)t (31)

Skeptìmenoi akrib¸c ìmoia, katal goume ìti to ìrio autì fjÐnei sto 0 mìno an

a− σ > 0⇔ a > <{s} ⇔ <{s} < a (32)

kai autì eÐnai to pedÐo sÔgklishc tou metasq. Laplace. Sto pedÐo autì, to ìrio fjÐnei sto mhdèn,
kai �ra apì th sqèsh (30) eqoume:

(30)⇒ X(s) = − 1

a− s
(1− 0) =

1

s− a
, <{s} < a (33)

'Ara telik�, èqoume ìti

x(t) = −eatu(−t)↔ X(s) =
1

s− a
, <{s} < a (34)

8



3. EÐmai sÐgouroc ìti o peirasmìc sac na prosjèsete ta s mata twn parap�nw paradeigm�twn kai na
deÐte an up�rqei o metasq. Laplace tou ajroÐsmatìc touc, eÐnai meg�loc (ìso kai h epijumÐa sac na
per�sete to m�jhma :-) ). Ac orÐsoume loipìn to s ma

x(t) = eatu(t)− eatu(−t), a ∈ < (35)

Den to anafèrame parap�nw, all� den eÐnai kai mustikì, afoÔ apodeiknÔetai eÔkola. O metasq.
Laplace eÐnai grammikìc. 'Ara to �jroisma duo shm�twn èqei metasq. Laplace to �jroisma twn
epimèrouc metasqhmatism¸n. 'Oso gia to pedÐo sÔgklishc, autì eÐnai h tom  twn epimèrouc pedÐwn
sÔgklishc. 'Ara loipìn,

X(s) =
1

s− a
+

1

s− a
=

2

s− a
, ROC = ROC1 ∩ROC2 = {σ > a} ∩ {σ < a} = ∅ (36)

'Ara blèpoume ìti par� ìlo pou mporoÔme na prosjèsoume touc epimèrouc metasqhmatismoÔc, o
sunolikìc metasqhmatismìc Laplace DEN UPARQEI, giatÐ den up�rqei pedÐo sto s-epÐpedo sto
opoÐo na sugklÐnei! :-)
'Ara blèpoume ìti den eÐnai aparaÐthto na up�rqei o metasq. Laplace gia ìla ta s mata. ?-)
Ac doÔme ìmwc ti ja sunèbaine an eÐqame

x(t) = eatu(t)− eβtu(−t), a, β ∈ <, a 6= β (37)

Tìte

X(s) =
1

s− a
+

1

s− β
=

(s− β) + (s− a)

(s− a)(s− β)
, ROC = ROC1 ∩ROC2 = {σ > a} ∩ {σ < β} (38)

to opoÐo den eÐnai aparaÐthta to kenì sÔnolo. Exart�tai apì tic sqetikèc jèseic twn a, β. P.q. an
a < β, tìte to pedÐo sÔgklishc eÐnai mia ��lwrÐda�� sto s-epÐpedo, to a < <{s} < β, en¸ an a > β,
tìte to pedÐo sÔgklishc eÐnai to kenì sÔnolo.

Ac xekin soume tic parathr seic mac...

1. H pio shmantik  parat rhsh èrqetai an sugkrÐnoume tic sqèseic (29) kai (34). Ac tic xanagr�youme
ed¸:

x(t) = eatu(t)↔ X(s) =
1

s− a
, <{s} > a (39)

x(t) = −eatu(−t)↔ X(s) =
1

s− a
, <{s} < a (40)

ParathroÔme ìti duo entel¸c diaforetik� s mata sto qrìno, èqoun thn IDIA majhmatik  anapar�-
stash sto q¸ro tou metasq. Laplace! Swst�? L�joc! :-) O metasqhmatismìc Laplace perilamb�nei
KAI to pedÐo sÔgklishc! Autì eÐnai pou xeqwrÐzei touc duo, Ðdiouc kat� ta �lla, metasqhmatismoÔc.
QwrÐc to pedÐo sÔgklishc, de ja mporoÔsame na apofasÐsoume se poiì s ma sto qrìno antistoiqeÐ
o metasqhmatismìc Laplace X(s) pou èqoume parap�nw!

2. EÐdate parap�nw ìti to pedÐo sÔgklishc den eÐnai k�ti tuqaÐo. ProkÔptei ap' thn an�gkh na sugklÐnei
to olokl rwma tou metasq. Laplace! K�je metasq. Laplace èrqetai ��parèa�� me to pedÐo sÔgklishc.
QwrÐc autì, o metasq. Laplace eÐnai qwrÐc nìhma! SunhjÐste loipìn na gr�fete to metasqhmatismì
MAZI me to ek�stote pedÐo sÔgklishc. :-)

3. Profan¸c de qrei�zetai se k�je �skhsh na apodeiknÔete to pedÐo sÔgklishc, ektìc an sac zhteÐtai
rht�, p.q. se efarmog  tou orismoÔ. Akìma kai tìte, de qrei�zetai na deÐqnete analutik� ìti oi
sunart seic eÐnai fragmènec, klp. MporeÐte na qrhsimopoieÐte ètoima ta apotelèsmata thc jewrÐac.
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4. O pìloc a pou eÐdame sta paradeÐgmata 1 kai 2 ja mporoÔse na eÐnai migadikìc arijmìc. Genik�, oi
pìloi den eÐnai aparaÐthto na eÐnai p�nta pragmatikoÐ. Den all�zei tÐpota se ìsa eÐpame parap�nw,
par� mìnon ìti plèon ta pedÐa sÔgklishc ja eÐnai sth morf 

<{s} ≷ <{a} (41)

dhl. qrhsimopoioÔme to pragmatikì mèroc tou, kat�llhlou k�je for�, migadikoÔ pìlou sthn peri-
graf  tou pedÐou sÔgklishc.

5. Apì th stigm  pou oi sunart seic (σ + jω)t orÐzoun eujeÐec sto epÐpedo twn migadik¸n arijm¸n
(to legìmeno s-epÐpedo), ta pedÐa sÔgklishc ja eÐnai mia perioq  tou epipèdou arister�   dexi� miac
katakìrufhc gramm c,   mia ��lwrÐda�� metaxÔ duo katakìrufwn gramm¸n.

6. Ta pedÐa sÔgklishc den perièqoun POTE pìlouc!

7. 'Enac metasq. Laplace mporeÐ na èqei kanènan, ènan,   perissìterouc pìlouc.

8. An to x(t) eÐnai dexiìpleuro, to pedÐo sÔgklishc eÐnai dexiìpleuro, gia par�deigma, <{s} > <{a}
me a = dexiìteroc pìloc.

9. An to x(t) eÐnai aristerìpleuro, to pedÐo sÔgklishc eÐnai aristerìpleuro, gia par�deigma, <{s} <
<{a} me a = aristerìteroc pìloc.

10. An x(t) eÐnai amfÐpleuro   �jroisma dexiìpleurwn kai aristerìpleurwn shm�twn, to pedÐo sÔgklishc
eÐnai mia ��lwrÐda�� sto hmiepÐpedo (p.q. <{a} < <{s} < <{b}),   to kenì sÔnolo (giatÐ ta epimèrouc
pedÐa sÔgklishc de ja epikalÔptontai). Sthn perÐptwsh pou to pedÐo sÔgklishc eÐnai to kenì sÔnolo,
profan¸c o metasq. Laplace den orÐzetai.

11. An x(t) eÐnai peperasmènhc di�rkeiac, to pedÐo sÔgklishc eÐnai OLO to s-epÐpedo.

12. Suqn�, to pedÐo sÔgklishc sumbolÐzetai wc ROC, apì ta arqik� thc agglik c met�frashc tou
pedÐou sÔgklishc (region of convergence).

4 SÔndesh me to metasqhmatismì Fourier

EÐpame sthn eisagwg  nwrÐtera ìti an jèsoume σ = 0, tìte o metasq. Laplace mac dÐnei to metasq.
Fourier. Autì den isqÔei en gènei! 'Otan jètoume σ = 0, autì pou k�noume ��siwphl��� eÐnai ìti ektimoÔme to
metasq. Laplace se suqnìthtec pou brÐskontai p�nw sthn katakìrufh eujeÐa σ = 0, pou den eÐnai �llh ap'
ton �xona ton fantastik¸n arijm¸n! Gia na mporoÔme ìmwc na to k�noume autì, PREPEI o katakìrufoc
�xonac twn fantastik¸n na perièqetai mèsa sto pedÐo sÔgklishc tou metasq. Laplace! Alli¸c den
èqei kanèna nìhma o upologismìc tou X(s)|σ=0! Gi� autì loipìn, ìtan prospajoÔme na upologÐsoume
to metasq. Fourier mèsw tou metasq. Laplace, prèpei na prosèqoume pr¸ta an o fantastikìc �xonac
perièqetai mèsa sto pedÐo sÔgklishc tou metasq. Laplace. An perièqetai, kal¸c, antikajistoÔme σ = 0
ston tÔpo tou metasq. Laplace kai èqoume to metasq. Fourier. An ìqi, tìte o metasq. Fourier DEN
mporeÐ na upologisteÐ mèsw tou metasq. Laplace! Ac mil soume ìmwc me lÐgo megalÔterh akrÐbeia sqetik�
me aut�...
O orismìc tou metasq. Laplace

X(s) =

∫ ∞
−∞

x(t)e−stdt (42)

eÐnai tautìshmoc me ton orismì tou metasq. Fourier

X(ω) =

∫ ∞
−∞

x(t)e−jωtdt (43)
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an sth sqèsh (43) jèsoume ìpou jω to s = σ + jω. EÐnai eulogofanèc na perimènei kaneÐc ìti o metasq.
Laplace, X(s), enìc s matoc x(t), na eÐnai Ðdioc me ton metasq. Fourier, X(ω), tou Ðdiou s matoc, me to
jω na èqei antikatastajeÐ apì to s. Gia par�deigma, gnwrÐzoume ìti

e−atu(t), a > 0
F−→ 1

a+ jω
(44)

Antikajist¸ntac to jω me to s, èqoume ìti

X(f)
∣∣∣
jω←s=σ+jω

=
1

a+ s
= X(s) (45)

pou eÐnai o metasq. Laplace, ìpwc eÐdame se prohgoÔmeno par�deigma. Dustuq¸c aut  h diadikasÐa den
isqÔei gia k�je s ma x(t). MporoÔme na thn qrhsimopoioÔme mìno ìtan h perioq  sÔgklishc tou metasq.
Laplace perièqei to fantastikì (jω) �xona.
Gia par�deigma, o metasq. Fourier thc bhmatik c sun�rthshc x(t) = u(t) eÐnai o

x(t) = u(t)
F−→ X(ω) = πδ(ω) +

1

jω
(46)

O antÐstoiqoc metasq. Laplace eÐnai o

x(t) = u(t)
L−→ X(s) =

1

s
, <{s} > 0 (47)

kai ìpwc blèpoume apì thn perioq  sÔgklishc, den perilamb�netai o fantastikìc �xonac σ = <{s} = 0.
'Ara, o metasq. Laplace DEN mporeÐ na mac d¸sei to metasq. Fourier, all� oÔte kai to antÐstrofo! Se
autèc tic peript¸seic, h sqèsh metaxÔ twn duo metasqhmatism¸n den eÐnai tìso apl . O lìgoc gia aut n
thn periplok  sqetÐzetai me th sÔgklish tou oloklhr¸matoc tou metasq. Fourier, ìpou h olokl rwsh
periorÐzetai p�nw ston fantastikì �xona. Lìgw autoÔ tou periorismoÔ, to olokl rwma Fourier gia th
bhmatik  sun�rthsh de sugklÐnei. Qrei�zetai na qrhsimopoi soume mia genikeumènh sun�rthsh (δ(ω)) gia
th sÔgklish. Antijètwc, to olokl rwma Laplace gia th bhmatik  sun�rthsh sugklÐnei all� mìno gia
<{s} > 0, mia perioq  pou eÐnai ��apagoreumènh�� gia to metasq. Fourier! :-)
'Ena akìma endiafèron stoiqeÐo eÐnai ìti par' ìlo pou o metasq. Laplace eÐnai mia genÐkeush tou metasq.
Fourier, up�rqoun s mata (p.q. periodik� s mata), gia ta opoÐa o metasq. Laplace DEN UPARQEI, en¸
o metasq. Fourier UPARQEI! :-) (all� den prokÔptei apì apl  sÔgklish tou oloklhr¸matoc).

5 Idiìthtec kai zeÔgh tou metasq. Laplace

Oi idiìthtec tou metasq. Laplace eÐnai parìmoiec me autèc twn seir¸n kai tou metasq. Fourier. Oi
kuriìterec brÐskontai ston pÐnaka 1, ìpou xeqwrist� emfanÐzontai mìno oi idiìthtec tou monìpleurou
metasq. Laplace pou eÐnai diaforetikèc apì autèc tou dÐpleurou.

O pÐnakac 2 parajètei merik� gnwst� zeÔgh metasqhmatism¸n pou mporeÐte na qrhsimopoieÐte qwrÐc
apìdeixh.

6 Metasq. Laplace kai Sust mata

O metasq. Laplace eÐnai èna polÔtimo ergaleÐo KAI gia thn an�lush susthm�twn. PoluergaleÐo
dhlad . :-) H ikanìtht� tou na ermhneÔei suqnotik� pl joc shm�twn, shmantik� perissìterwn apì to
metasq. Fourier, ton k�nei idanikì gia th melèth susthm�twn.

'Eqoume dei k�poia pr�gmata gia ta sust mata se prohgoÔmeno kef�laio, kai k�poia �lla sqetik� me
aitiatìthta all� kai me ta eÐdh shm�twn se prohgoÔmenh par�grafo. Ta teleutaÐa isqÔoun kai gia ta
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Idiìthtec dÐpleurou metashmatismoÔ Laplace

Idiìthta S ma Metasqhm. Laplace ROC

x(t) X(s) Rx
y(t) Y (s) Ry

Grammikìthta Ax(t) +By(t) AX(s) +BY (s) R ⊇ Rx ∩Ry
Qronik  metatìpihsh x(t− t0) X(s)e−st0 Rx

Metatìpish sth suqnìthta es0tx(t) X(s− s0) Metatìpish tou Rx
Suzugèc s ma sto qrìno x∗(t) X∗(s∗) Rx

St�jmish x(at)
1

|a|
X
(s
a

)
Stajmismèno Rx

Sunèlixh x(t) ∗ y(t) X(s)Y (s) R ⊇ Rx ∩Ry
Parag¸gish sto qrìno

dx(t)

dt
sX(s) R ⊇ Rx

Parag¸gish sth suqnìthta −tx(t)
dX(s)

ds
Rx

n-osth parag¸gish sth suqnìthta tnx(t) (−1)n
dnX(s)

dsn
Rx

Olokl rwsh sto qrìno

∫ t

−∞
x(τ)dτ

X(s)

s
+

1

s

∫ 0−

−∞
x(t)dt R ⊇

(
Rx ∩ {<{s} > 0}

)
Olokl rwsh sth suqnìthta

x(t)

t

∫ ∞
s

X(z)dz

Idiìthtec monìpleurou metashmatismoÔ Laplace

Parag¸gish sto qrìno
dx(t)

dt
sX(s)− x(0−) R ⊇ Rx

n-ost  parag¸gish sto qrìno
dnx(t)

dtn
snX(s)− sn−1x(0−)− · · · − x(n−1)(0) Rx

Olokl rwsh

∫ t

0−
x(τ)dτ

X(s)

s
Rx

PÐnakac 1: PÐnakac Idiot twn tou metasq. Laplace

sust mata, afoÔ ki aut� eÐnai s mata kai perigr�fontai me ton Ðdio akrib¸c trìpo. Up�rqoun dexiìpleura,
aristerìpleura, amfÐpleura, aitiat� kai mh, sust mata, pou orÐzontai akrib¸c me ton Ðdio trìpo pou
perigr�fhke sthn par�grafo 2.

Ac tonÐsoume ed¸ ìti èna sÔsthma h(t) èqei metasq. Laplace H(s) o opoÐoc eÐnai thc morf c H(s) =
Y (s)
X(s) , me Y (s), X(s) oi metasq. Laplace thc exìdou kai thc eisìdou, antÐstoiqa. Autì prokÔptei eÔkola

apì thn efarmog  thc perÐfhmhc sqèshc sunèlixhc kai pollaplasiasmoÔ stouc duo q¸rouc (qrìnoc
kai suqnìthta). Sthn orologÐa twn susthm�twn, o metasq. Laplace tou susthmatoc, H(s), lègetai
sun�rthsh metafor�c. 'Eqete dei p¸c analÔetai èna sÔsthma me b�sh to metasq. Fourier kai thn
An�ptuxh se Merik� Kl�smata. Akrib¸c ìmoia èqoume kai sthn perÐptwsh tou metasq. Laplace. Gia
aitiat� sust mata (h(t) = 0, t < 0), èqoume

H(s) =
Y (s)

X(s)
=

N∑
k=1

Ak
s− sk

←→ h(t) =

N∑
k=1

Ake
sktu(t) (48)

me sk oi pìloi tou metasq. Laplace. 'Ena nèo stoiqeÐo pou ja eis�goume t¸ra eÐnai h ènnoia thc eust�jeiac,
me ìrouc metasq. Laplace. 'Ena sÔsthma lègetai eustajèc ìtan par�gei fragmènh èxodo gia mia dedomènh
fragmènh eÐsodo. Dhl.

An |x(t)| < Bx ⇒ |y(t)| < By (49)
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Qr sima zeÔgh metashmatismoÔ Laplace

S ma Metasqhmatismìc Laplace ROC

δ(t) 1 'Olo to s-epÐpedo

cos(ω0t)u(t)
s

s2 + (ω0)2
<{s} > 0

sin(ω0t)u(t)
ω0

s2 + (ω0)2
<{s} > 0

Arect
(
t
T

)
A
s (esT/2 − e−sT/2) ìlo to s-epÐpedo

u(t)
1

s
<{s} > 0

−u(−t) 1

s
<{s} < 0

e−atu(t)
1

s+ a
<{s} > −<{a}

−e−atu(−t) 1

s+ a
<{s} < −<{a}

tn−1

(n−1)!e
−atu(t)

1

(s+ a)n
<{s} > −<{a}

− tn−1

(n−1)!e
−atu(−t) 1

(s+ a)n
<{s} < −<{a}

e−at cos(ω0t)u(t)
s+ a

(s+ a)2 + (ω0)2
<{s} > −<{a}

e−at sin(ω0t)u(t)
ω0

(s+ a)2 + (ω0)2
<{s} > −<{a}

PÐnakac 2: PÐnakac zeug¸n metasq. Laplace

ìpou Bx, By pragmatikoÐ arijmoÐ. Autì to gnwrÐzete  dh apì th jewrÐa kai apì prohgoÔmenec paragr�-
fouc. Ac doÔme th sqèsh aut  me to metasq. Laplace:

|y(t)| =
∣∣∣ ∫ ∞
−∞

x(τ)h(t− τ)dτ
∣∣∣ ≤ ∫ ∞

−∞
|x(τ)||h(t− τ)|dτ < Bx

∫ ∞
−∞
|h(t− τ)|dτ (50)

Autì shmaÐnei ìti gia na eÐnai fragmènh h èxodoc y(t), ja prèpei na isqÔei ìti∫ ∞
−∞
|h(t− τ)|dτ (51)

pou shmaÐnei ìti to h(t) prèpei na eÐnai apolÔtwc oloklhr¸simo. Dedomènou ìti to h(t), gia èna aitiatì
sÔsthma (qwrÐc bl�bh thc genikìthtac), ekfr�zetai, ìpwc eÐdame, wc antÐstrofoc metasq. Laplace wc

H(s) =
Y (s)

X(s)
=

N∑
k=1

Ak
s− sk

←→ h(t) =
N∑
k=1

Ake
sktu(t) (52)

ìpou sk oi pìloi tou metasqhmatismoÔ Laplace, ja eÐnai∫ ∞
−∞
|h(t)|dt ≤

∫ ∞
−∞

N∑
k=1

|Ak||esktu(t)|dt =
N∑
k=1

|Ak|
∫ ∞

0
|eσkt||ejωt|dt =

N∑
k=1

|Ak|
∫ ∞

0
|eσkt|dt (53)

Katal xame plèon ìti gia na eÐnai fragmènh h èxodoc, kai �ra to sÔsthma eustajèc, ja prèpei na isqÔei
ìti h eσkt eÐnai apolÔtwc oloklhr¸simh. Autì profan¸c sumbaÐnei MONON ìtan <{sk} = σk < 0! Pìte
isqÔei ìmwc autì? Fusik� ìtan ìloi oi pìloi tou H(s) brÐskontai sto aristerì hmiepÐpedo! 'Ara

èna aitiatì sÔsthma eÐnai eustajèc ìtan èqei ìlouc touc pìlouc tou sto aristerì
migadikì hmiepÐpedo.
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Sq ma 8: Prosoq  sthn eust�jeia twn susthm�twn!!

7 Jewr mata arqik c kai telik c tim c

Se k�poiec efarmogèc eÐnai epijumhtì na gnwrÐzoume tic timec enìc s matoc x(t) ìtan autì teÐnei sto
0 kai sto ∞, mèsw tou metasq. Laplace tou. Ta jewr mata arqik c kai telik c tim c mac bohjoÔn se
autì.

To je¸rhma thc arqik c tim c - J.A.T. dhl¸nei ìti an to x(t) kai h par�gwgìc tou, dx(t)/dt, èqoun
metasq. Laplace, tìte

x(0+) = lim
s→∞

sX(s) (54)

dedomènou ìti to parap�nw ìrio up�rqei.
To je¸rhma thc telik c tim c - J.T.T. dhl¸nei ìti an to x(t) kai h par�gwgìc tou, dx(t)/dt, èqoun

metasq. Laplace, tìte
lim
t→∞

x(t) = lim
s→0

sX(s) (55)

dedomènou ìti to sX(s) den èqei pìlouc sto dexiì migadikì hmiepÐpedo   p�nw ston fantastikì �xona.
To J.A.T. prèpei na efarmìzetai mìnon an to X(s) èqei austhr� megalÔterh t�xh paronomast  ap'

ìti arijmht , alli¸c to ìrio den up�rqei, kai to je¸rhma den efarmìzetai.
AntÐstoiqa, to J.T.T. efarmìzetai mìnon an oi pìloi tou sX(s) eÐnai ìloi sto aristerì migadikì

hmiepÐpedo. An up�rqei pìloc sto fantastikì �xona, to limt→0 sX(s) den up�rqei, en¸ an up�rqei pìloc
sto dexiì migadikì hmiepÐpedo, to limt→∞ x(t) den up�rqei.
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