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1. DeÐxte oti o metasq. Fourier thc exìdou y(t) enìc GQA sust matoc me krou-
stik  apìkrish h(t) kai eÐsodo x(t) dinetai apì th sqèsh

Y(ω) = |X(ω)||H(ω)|ej(φx(ω)+φh(ω)) (1)

ìpou X(ω),H(ω) o metasqhmatismìc Fourier thc eisìdou kai tou sust matoc kai
φx(ω), φh(ω) h f�sh thc eisìdou kai tou sust matoc, antÐstoiqa.

LÔsh:
H eÐsodoc x(t) perigr�fetai sto q¸ro thc suqnìthtac wc

X(ω) = |X(ω)|ejφx(ω) (2)

To sÔsthma h(t) perigr�fetai sto q¸ro thc suqnìthtac wc

H(ω) = |H(ω)|ejφh(ω) (3)

H èxodoc tou sust matoc y(t) isoÔtai me th sunèlixh thc eisìdou, x(t), me to sÔsthma, h(t). Sto
qwro thc suqnìthtac, h sunèlixh gÐnetai ginìmeno, kai �ra

Y (ω) = X(ω)H(ω) = |X(ω)|ejφx(ω)|H(ω)|ejφh(ω) = |H(ω)||X(ω)|ej(φx(ω)+φh(ω)) (4)

pou eÐnai kai to zhtoÔmeno. ParathreÐste ìti èna sÔsthma epidr� pollaplasiastik� sto f�sma
pl�touc thc eisìdou, all� ajroistik� sto f�sma f�shc thc eisìdou!!

2. Sqedi�ste to f�sma pl�touc kai f�shc tou s matoc h(t) = e−4tu(t) kai jewrhste
to wc sÔsthma, sthn eÐsodo tou opoÐou emfanÐzetai to s ma x(t) = A cos(4t+ θ).
BreÐte kai sqedi�ste to f�sma pl�touc kai f�shc thc eisìdou, tou sust -
matoc, kai thc exìdou. Ti parathreÐte? Tèloc, upologÐste thn enèrgeia thc
eisìdou x(t), tou sust matoc h(t), kai thc exìdou y(t).Me poiì suntelest  prè-
pei na pollaplasi�sete to s ma exìdou gia na èqei thn Ðdia enèrgeia me to
s ma eisìdou?

LÔsh:
H eÐsodoc gr�fetai

x(t) = A cos(4t+ θ) =
A

2
ej4tejθ +

A

2
e−j4te−jθ (5)

1



−10 −5 0 5 10
0

A/2

A

Frequency (rad/sec)

Magnitude Spectrum

(aþ) F�sma Pl�touc Eisìdou x(t) 'Askhshc 2

−10 −5 0 5 10

theta 

0 

theta 

Frequency (rad/sec) 

R
a
d
ia

n
s
 

Phase Spectrum 

(bþ) F�sma F�shc Eisìdou x(t) 'Askhshc 2

Sq ma 1: F�smata S matoc Eisìdou Askhshc 2

To f�sma pl�touc kai f�shc thc eisìdou x(t) faÐnetai sto sq ma 1aþ kai 1bþ antÐstoiqa. Ja eÐnai,
wc gnwstìn

h(t) = e−4tu(t)←→ H(ω) =
1

4 + jω
(6)

'Ara to pl�toc ja eÐnai

|H(ω)| = 1

|4 + jω|
=

1√
16 + ω2

(7)

en¸ gia th f�sh ja èqoume

H(ω) =
1

4 + jω
=

4− jω
|4 + jω|2

=
4

16 + ω2
− j ω

16 + ω2
(8)

'Ara to sÔsthma gr�fetai wc

H(ω) = |H(ω)|ej tan
−1 ={H(ω)}
<{H(ω)} (9)

kai �ra h f�sh ja einai

φ(ω) = tan−1
={H(ω)}
<{H(ω)}

= tan−1

(
− ω

16+ω2

4
16+ω2

)
= tan−1

(
− ω

4

)
= − tan−1

ω

4
(10)

To f�sma pl�touc kai f�shc tou sust matoc faÐnetai sto sq ma 2aþ kai 2bþ antÐstoiqa. H èxodoc
ja eÐnai profan¸c h sunèlixh thc eisìdou, x(t), me to sÔsthma, h(t). 'Omwc h eÐsodoc eÐnai thc
morfhc

x(t) = A cos(4t+ θ) =
A

2
ej4tejθ +

A

2
e−j4te−jθ (11)

Gnwrizoume ìti oi migadikèc ekjetikèc sunart seic apoteloÔn idiosunart seic tou sust matoc, kai
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Sq ma 2: F�smata Sust matoc Askhshc 2

ètsi, dedomènou ìti to sÔsthma eÐnai pragmatikì s ma, h èxodoc y(t) dÐnetai apì th sqèsh:

y(t) =
AH(4)

2
ej4tejθ +

AH(−4)
2

e−j4te−jθ

=
AH(4)

2
ej4tejθ +

AH∗(4)

2
e−j4te−jθ

=
A|H(4)|ejφ(4)

2
ej4tejθ +

A|H(4)|e−jφ(4)

2
e−j4te−jθ

=
A

2
|H(4)|ej(4t+θ+φ(4)) + A

2
|H(4)|e−j(4t+θ+φ(4))

=
A

2
|H(4)|2 cos(4t+ θ + φ(4))

=
A√
32

cos(4t+ θ − π

4
) (12)

ParathroÔme ìti h èxodoc einai p�li hmitonoeid c morf , opwc h eÐsodoc, kai èqei ephreasteÐ apì
to sÔsthma tìso sto pl�toc thc (pl�toc eisìdou A, pl�toc exìdou A|H(4)|), ìso kai sth f�sh
thc (f�sh eisìdou θ, f�sh exìdou θ+φ(4)). To f�sma pl�touc kai f�shc thc exìdou y(t) faÐnetai
sto sq ma 3aþ kai 3bþ antÐstoiqa. Me kìkkinh diakekommènh gramm  faÐnetai to f�sma pl�touc kai
f�shc tou sust matoc, kai p¸c ephrèase autì tic timèc tou f�smatoc pl�touc kai f�shc thc exìdou.
SugkrÐnete me ta antÐstoiqa thc eisìdou.

Genikìtera, mporoÔme na parathr soume oti:

An h eÐsodoc enìc GQA sust matoc einai thc morf c x(t) = A cos(ω0t+ θ),
tìte h èxodoc ja eÐnai thc morf c
y(t) = A|H(ω0)| cos(ω0t+ θ + φ(ω0)),

ìpou H(ω) = |H(ω)|ejφ(ω) h apìkrish se suqnìthta tou sust matoc.

H enèrgeia tou sust matoc eÐnai

Eh =

∫ ∞
−∞

h2(t)dt =

∫ ∞
0

e−8tdt = −1

8
e−8t

∣∣∣∞
0

(13)

= −1

8
(0− 1) =

1

8
(14)
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Sq ma 3: F�smata S matoc Exìdou Askhshc 2

H enèrgeia, se mia perÐodo, tou s matoc eisìdou (mia kai eÐnai s ma isqÔoc kai ìqi enèrgeiac) eÐnai

Ex,T0 =
1

T0

∫ T0

0
x2(t)dt =

∞∑
k=−∞

|X[k]|2 (15)

=
∣∣∣A
2
ejθ
∣∣∣2 + ∣∣∣A

2
e−jθ

∣∣∣2 = A2

4
+
A2

4
=
A2

2
(16)

H enèrgeia, se mia perÐodo, tou s matoc exìdou (mia kai autì eÐnai epÐshc s ma isqÔoc kai ìqi
enèrgeiac) eÐnai

Ey,T0 =
1

T0

∫ T0

0
y2(t)dt =

∞∑
k=−∞

|Y [k]|2 (17)

=
∣∣∣ A

2
√
32
ej(θ−π/4)

∣∣∣2 + ∣∣∣ A

2
√
32
e−j(θ−π/4)

∣∣∣2 = A2

128
+
A2

128
=
A2

64
(18)

O suntelest c λ pou prèpei na pollaplasiasteÐ me to s ma exìdou gia na èqei thn Ðdia enèrgeia me
to s ma eisìdou eÐnai profan¸c

A2

2
= λ2

A2

64
⇔ λ2 = 32⇔ λ =

√
32 (19)

3. H kajustèrhsh om�dac - group delay τg(ω) eÐnai mia metrik  enìc GQA sust -

matoc me apìkrish suqnìthtac H(ω) = |H(ω)|ejφ(ω), pou orÐzetai wc τg(ω) = −dφ(ω)
dω ,

dhl. eÐnai h arnhtik  par�gwgoc thc f�shc enìc s matoc. H kajustèrhsh
om�dac mac plhroforeÐ gia to pìso qrìno kajustereÐ h perib�llous� enìc
s matoc, otan autì pern�ei mèsa apì èna GQA sÔsthma. UpologÐste kai sqo-
li�ste thn kajustèrhsh om�dac gia ta sust mata:

� H(ω) = e−j3ω

� H(ω) = −3ejω

� h(t) = e−4tu(t)

� H(ω) = |H(ω)|ej(ω2−3ω+2)
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� H(ω) = 1
ω2

LÔsh:
Ja eÐnai:

�

τg(ω) = −
dφ(ω)

dω
= −d(−3ω)

dω
= 3 (20)

stajer  gia k�je ω.

�

H(ω) = −3ejω = 3ej(ω+π) (21)

kai �ra

τg(ω) = −
dφ(ω)

dω
= −d(ω + π)

dω
= −1 (22)

stajerh gia k�je ω.

� Apì thn prohgoÔmenh �skhsh, èqoume ìti

φ(ω) = − tan−1
ω

4
(23)

kai dedomènou ìti isqÔei
d tan−1(x)

dx
=

1

x2 + 1
(24)

tìte, ja èqoume oti

τg(ω) = −
dφ(ω)

dω
= −d(− tan−1(ω/4))

dω
=
d(tan−1(ω/4))

dω
=

1

4

1
ω2

16 + 1
=

1

4

16

ω2 + 16
(25)

Ed¸ blèpoume oti k�je suqnìthta thc perib�llousac ωk ja kajustereÐ diaforetik� apì tic
�llec, kai an�loga me thn tim  thc kajustèrhshc om�dac, τg(ωk).

�

τg(ω) = −
dφ(ω)

dω
= −d(ω

2 − 3ω + 2)

dω
= 2ω − 3 (26)

Ki ed¸ blèpoume oti k�je suqnìthta thc perib�llousac tou s matoc eisìdou kajustereÐ sthn
èxodo diaforetik� apì opoiadhpote �llh suqnìthta, an�loga me thn tim  thc kajustèrhshc
om�dac.

� Ed¸, to s ma pou perigr�fei to sÔsthma einai pragmatikì kai p�nta jetikì, gia k�je ω. 'Ara
eqei mhdenik  fash, opìte h kajustèrhsh om�dac einai 0, �ra den up�rqei kami� kajustèrhsh
thc perib�llousac tou s matoc eisìdou sthn èxodo.

4. H kajustèrhsh f�shc - phase delay τp(ω) eÐnai mia metrik  enìc GQA sust ma-

toc me apìkrish suqnìthtac H(ω) = |H(ω)|ejφ(ω), pou orÐzetai wc τp(ω) = −φ(ω)
ω , H

kajustèrhsh f�shc mac plhroforeÐ gia to pìso qrìno kajusteroÔn oi suqnì-
thtec enìc s matoc, otan autì pern�ei mèsa apì èna GQA sÔsthma.

(aþ) UpologÐste kai sqoli�ste thn kajustèrhsh f�shc gia ta sust mata:

� H(ω) = e−j3ω

� H(ω) = −3ejω
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� h(t) = e−4tu(t)

� H(ω) = |H(ω)|ej(ω2−3ω+2)

� H(ω) = 1
ω2

� h(t) = 2δ(t− 2) + 2δ(t+ 2)

(bþ) Sqoli�ste sqetik� to apotèlesma thc prohgoÔmenhc �skhshc me b�sh thn
kajustèrhsh f�shc tou sqetikoÔ sust matoc. Ti parathreÐte?

LÔsh:

(aþ) Ja eÐnai:

�

τp(ω) = −
φ(ω)

ω
= −(−3ω)

ω
= 3 (27)

stajer  gia k�je ω. Autì shmaÐnei oti ìlec oi suqnìthtec tou s matoc eisìdou ja kaju-
sterhsoun sthn èxodo kat� to idio qronikì di�sthma, dhl. kat� 3 sec.

�

H(ω) = −3ejω = 3ej(ω+π) (28)

kai �ra

τp(ω) = −
φ(ω)

ω
= −(ω + π)

ω
= −(1 + π

ω
) (29)

Autì shmaÐnei oti oi suqnìthtec tou s matoc eisìdou ja kajusterhsoun sthn èxodo kata
−(1 + π

ω ) sec, dhl. ja prohgoÔntai kata (1 + π
ω ) sec.

� Apì thn prohgoÔmenh �skhsh, èqoume ìti

φ(ω) = − tan−1
ω

4
(30)

tìte, ja èqoume oti

τp(ω) = −
φ(ω)

ω
= −− tan−1(ω/4))

ω
=

(tan−1(ω/4))

ω
(31)

Ed¸ blèpoume oti k�je suqnìthta ωk ja kajustereÐ diaforetik� apì tic �llec, kai an�loga
me thn tim  thc kajustèrhshc om�dac, τp(ωk).

�

τp(ω) = −
φ(ω)

ω
= −(ω2 − 3ω + 2)

ω
= −ω + 3− 2

ω
(32)

Ki ed¸ blèpoume oti k�je suqnìthta tou s matoc eisìdou kajustereÐ sthn èxodo diafo-
retik� apì opoiadhpote �llh suqnìthta, an�loga me thn tim  thc kajustèrhshc f�shc.

� Ed¸, to s ma pou perigr�fei to sÔsthma einai pragmatikì kai p�nta jetikì, gia k�je
ω. 'Ara eqei mhdenik  fash, opìte h kajustèrhsh f�shc einai 0, �ra den up�rqei kami�
kajustèrhsh tou s matoc eisìdou sthn èxodo.

� 'Eqoume

h(t) = 2δ(t+ 1) + 2δ(t− 1)←→ H(ω) = 2ejω + 2e−jω = 4 cos(ω) (33)

�ra h f�sh eÐnai

φ(ω) =


0, cos(ω) > 0
π, cos(ω) < 0, ω > 0
−π, cos(ω) < 0, ω < 0

(34)
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'Ara h kajustèrhsh f�shc ja eÐnai

τp(ω) = −
φ(ω)

ω
=


0, cos(ω) > 0
−π
ω , cos(ω) < 0, ω > 0

π
ω , cos(ω) < 0, ω < 0

(35)

(bþ) H kajustèrhsh f�shc tou sust matoc dÐnetai wc

τp(ω) = −
φ(ω)

ω
=

tan−1 ω4
ω

(36)

kai gia to s ma eisìdou thc ekf¸nhshc, x(t) = A cos(4t + θ), eÐdame ìti to s ma exìdou einai
thc morfhc

y(t) =
A√
32

cos(4t− π

4
+ θ) =

A√
32

cos(4(t− π

16
) + θ) (37)

pou deÐqnei oti to s ma eisìdou kajusterei sthn èxodo kat� φ = π
16 . Ac doÔme pìso einai h

kajustèrhsh f�shc pou dÐnei to sÔsthma sth suqnìthta ω = 4, pou einai h suqnìthta tou
hmitìnou eisìdou. EÐnai

τp(ω)
∣∣∣
ω=4

= −φ(ω)
ω

∣∣∣
ω=4

=
tan−1(1)

4
=

π

16
(38)

pou blèpoume oti mac dÐnei thn kajustèrhsh tou s matoc sthn èxodo.

5. 'Estw to s ma x(t) = a(t) cos(200πt) = A cos(πt) cos(200πt) to opoÐo pern�ei apì sÔ-
sthma me kroustik  apìkrish h(t) = δ(t)− δ(t− 1

2). UpologÐste thn kajustèrhsh
om�dac thc exìdou y(t), kai deÐxte isoÔtai me thn kajusterhsh pou èqei h peri-
b�llousa tou s matoc eisìdou, a(t), sthn èxodo tou sust matoc.

LÔsh:
To s ma eisìdou faÐnetai sto sq ma 4. 'Eqoume, me qr sh thc tautìthtac

cos(θ) cos(φ) =
1

2
cos(θ + φ) +

1

2
cos(θ − φ) (39)

pwc to shma eisìdou gr�fetai wc

x(t) = A cos(πt) cos(200πt) =
A

2
cos(201πt) +

A

2
cos(199πt) (40)

Blèpoume loipìn ìti h eÐsodoc mporeÐ na grafeÐ wc �jroisma duo sunhmitìnwn. Apì to apotèlesma
thc 'Askhshc 2, h èxodoc mporeÐ na grafeÐ wc

y(t) =
A|H(201π)|

2
cos(201πt+ φh(201π)) +

A|H(199π)|
2

cos(199πt+ φh(199π)) (41)

me

|H(ω)| = |1− e−j
ω
2 | =

√
(1− cos(

ω

2
))2 + sin2(

ω

2
) =

√
2− 2 cos

(ω
2

)
(42)

kai �ra

|H(201π)| =
√

2− 2 cos(201π/2) =
√
2− 2 cos(π/2) =

√
2, (43)

|H(199π)| =
√

2− 2 cos(199π/2) =
√
2− 2 cos(−π/2) =

√
2 (44)
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Sq ma 4: Sq ma 'Askhshc 4 - S ma eisìdou x(t)

EpÐshc,

φh(ω) = tan−1
={H(ω)}
<{H(ω)}

= tan−1

(
sin(ω2 )

1− cos(ω2 )

)
(45)

kai �ra

φh(201π) = tan−1

(
sin(π/2)

1− cos(π/2)

)
= tan−1(1) =

π

4
(46)

φh(199π) = tan−1

(
sin(−π/2)

1− cos(−π/2)

)
= tan−1(−1) = −π

4
(47)

'Ara

y(t) =
A|H(201π)|

2
cos(201πt+ φh(201π)) +

A|H(199π)|
2

cos(199πt+ φh(199π)) (48)

=
A
√
2

2
cos(201πt+

π

4
) +

A
√
2

2
cos(199πt− π

4
) (49)

= A
√
2 cos

(201− 199

2
πt+

π

4

)
cos
(201 + 199

2
πt
)

(50)

= A cos(πt+
π

4
) cos(200πt) (51)

= A cos(π(t+
1

4
)) cos(200πt) (52)

= a(t+
1

4
) cos(200πt) (53)

ParathroÔme oti to s ma suqnìthtac 200π rad/sec den èqei uposteÐ kajusterhsh sthn èxodo,
en¸ to s ma suqnìthtac π rad/sec (pou apoteleÐ thn perib�llousa tou s matoc eisìdou, dhl.
diamorf¸nei to pl�toc tou s matoc me suqnìthta 200π), èqei prohghjeÐ kat� 1/4 sec. To s ma
exìdou faÐnetai sto sq ma 5. Parathr ste ìti h perib�llous� tou èqei prohghjeÐ kat� 1/4 sec se
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Sq ma 5: Sq ma 'Askhshc 4 - S ma exìdou y(t)

sqèsh me to arqikì s ma (deÐte thn k�jeth gramm  sto sq ma gia na bohjhjeÐte). Ac upologÐsoume
thn kajustèrhsh om�dac tou sust matoc. Ja eÐnai

τg(ω) = −dφh(ω)
dω

= − d

dω
tan−1

(
sin(ω/2)

1− cos(ω/2)

)
(54)

= = − d

dω

(
sin(ω/2)

1− cos(ω/2)

)
1

1 +
(

sin(ω/2)
1−cos(ω/2)

)2 (55)

=
1
2 cos(ω/2)(1− cos(ω/2)) + 1

2 sin
2(ω/2)

(1− cos(ω/2))2
1

1 +
(

sin(ω/2)
1−cos(ω/2)

)2 (56)

kai �ra

τg(π) = −
1
2 cos(π/2)(1− cos(π/2)) + 1

2 sin
2(π/2)

(1− cos(π/2))2
1

1 +
(

sin(π/2)
1−cos(π/2)

)2 = −1

2

1

2
= −1

4
(57)

pou dhl¸nei oti h kajustèrhsh om�dac eÐnai Ðsh me −1/4 sec, pou ìpwc eÐdame einai Ðdia me thn
kajustèrhsh tou s matoc perib�llousac a(t) sthn èxodo tou sust matoc! :-)1

6. Gia ta pragmatik� s mata x(t)←→ X(ω), y(t)←→ Y(ω) na deÐxete ìti∫ ∞
−∞

x(t)y(t)dt =
1

2π

∫ ∞
−∞

X(ω)Y(−ω)dω (58)

1H parap�nw diadikasÐa lègetai Diamìrfwsh Pl�touc - Amplitude Modulation - AM, kai sugkekrimèna lègetai Diamìr-

fwsh Pl�touc Dipl c Pleurik c Z¸nhc me Katestalmènh Fèrousa - Double Side Band - Suppressed Carrier (DSB-SC) kai
eÐqe arqik� eureÐa efarmog  sth radiofwnik  met�dosh. To s ma a(t) lègetai shma plhroforÐac, en¸ to s ma cos(200πt)
lègetai fèron s ma   fèrousa. EpÐshc, sthn pragmatikìthta h perib�llousa eÐnai to |a(t)|, kai ìqi to a(t), all� gia touc
dikoÔc mac skopoÔc autì den èqei shmasÐa.
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EpÐshc, me th bo jeia thc parap�nw sqèshc, deÐxte ìti pragmatik� s mata me
mh epikaluptìmena pragmatik� kai jetik� f�smata eÐnai orjog¸nia, dhl.∫ ∞

−∞
x(t)y(t)dt = 0 (59)

LÔsh:
Apì to je¸rhma tou Parseval, èqoume∫ ∞

−∞
x(t)y∗(t)dt =

∫ ∞
−∞

x(t)y(t)dt =
1

2π

∫ ∞
−∞

X(ω)Y ∗(ω)dω =
1

2π

∫ ∞
−∞

X(ω)Y (−ω)dω (60)

afoÔ to s ma eÐnai pragmatikì, �ra Y ∗(ω) = Y (−ω). To ginìmeno mh epikaluptìmenwn pragmatik¸n,
jetik¸n fasm�twn, X(ω)Y ∗(ω) = X(ω)Y (−ω) eÐnai Ðso me to mhdèn, giatÐ lìgw thc mh epik�luyhc,
èstw ìti to X(ω) orÐzetai sto [a, b] en¸ to Y (ω) sto [c, d] * [a, b], to ginìmenì touc den orÐzetai
se kanèna di�sthma, �ra to antÐstoiqo olokl rwma eÐnai Ðso me mhden, �ra∫ ∞

−∞
x(t)y(t)dt = 0 (61)

7. ApodeÐxte ìti èna s ma den mporeÐ na eÐnai peperasmèno sto q¸ro tou qrìnou
kai, tautìqrona, peperasmèno sto q¸ro thc suqnìthtac.

LÔsh:
'Estw ìti èna s ma x(t) eÐnai tautoqrìnwc peperasmèno kai stouc duo q¸rouc. Sto q¸ro thc
suqnìthtac, ja eÐnai:

X(ω) = 0, |ω| > B

Tìte, mporoÔme na gr�youme to s ma autì wc

Xr(ω) = X(ω)rect
( ω

2B

)
Metaferìmenoi sto q¸ro tou qrìnou, ja eÐnai

Xr(ω) = X(ω)rect
( ω

2B

)
↔ xr(t) = x(t) ∗ 2Bsinc(2Bt)

H parap�nw sqèsh mac lèei ìti to xr(t) (kai �ra kai to x(t)) den mporeÐ na eÐnai peperasmèno sto
qrìno, giatÐ h sun�rthsh sinc() èqei �peirh di�rkeia. 'Ara �topo, opìte de gÐnetai na up�rxei s ma
peperasmèno kai stouc duo q¸rouc.

10


