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1 Eisagwg 

Wc t¸ra èqoume dei ìti èna periodikì s ma analÔetai se èna �jroisma �peirwn sunhmitìnwn me suqnì-
thtec akèraiec pollapl�siec miac jemeli¸douc. Aut  h an�lush onom�sthke An�lush se Seirèc Fourier.
O metasq. Fourier orÐzetai eÔkola wc h epèktash twn seir¸n Fourier, ìtan h perÐodoc tou s matoc
teÐnei sto �peiro, ìtan dhlad  to s ma plhsi�zei sto na MHN eÐnai pia periodikì. 'Ara afor� kurÐwc
MH periodik� s mata. Tìte ta Xk paÔoun na orÐzontai gia akèraia k kai gia sugkekrimènec suqnìthtec
kω0, kai orÐzontai plèon gia k�je suqnìthta ω, se èna suneqèc f�sma X(ω). Gia thn tupik  apìdeixh,
deÐte tic shmei¸seic sac. Diaisjhtik�, mporoÔme na ��apodeÐxoume�� aut  th sqèsh wc ex c. DeÐte to
sq ma 1. Sto p�nw tm ma, blèpoume to f�sma pl�touc enìc periodikoÔ s matoc, pou èqei perÐodo T = 1.

Sq ma 1: Diaisjhtik  apìdeixh thc sqèshc metaxÔ twn seir¸n Fourier kai tou metasq. Fourier.

Blèpete pwc oi fasmatikèc grammèc eÐnai sqetik� araièc (eÐnai oi k�jetec grammèc me ta kukl�kia sthn
koruf ). H jemeli¸dhc suqnìthta eÐnai ω0 = 2π/T = 2π/1 = 2π kai ta pollapl�si� thc brÐskontai stic
jèseic kω0 = 2πk, k ∈ Z. H diakekommènh gramm  lègetai fasmatik  perib�llousa, kai apl� ja mac
bohj sei optik� gia th sÔgkrish me to k�tw tm ma tou sq matoc. DeÐte t¸ra to k�tw tm ma tou sq ma-
toc 1. Blèpete pwc an megal¸soume thn perÐodo, kai gÐnei T = 5, tìte h jemeli¸dhc suqnìthta gÐnetai
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ω0 = 2π/T = 2π/5 = 0.2π kai eÐnai pio mikr , kai �ra kai ta pollapl�si� thc, kω0 = 0.2πk, k ∈ Z, ja
eÐnai pio kont� to èna me to �llo. Autì faÐnetai xek�jara sto f�sma pl�touc. Oi fasmatikèc grammèc
eÐnai polÔ pio kont� ap' ìti prin. SkefteÐte na epanalamb�noume sunèqeia aut  th diadikasÐa gia ìlo kai
pio meg�lec periìdouc T . H jemeli¸dhc suqnìthta ω0 gÐnetai suneq¸c ìlo kai pio mikr , kai oi fasmatikèc
grammèc èrqontai ìlo kai pio kont�, kaj¸c ta kω0 eÐnai ìlo pio kont� to èna sto �llo. 'Otan to T gÐnei
polÔ polÔ polu meg�lo, kai teÐnei proc to +∞ � dhl. to s ma DEN jewreÐtai pia periodikì � tìte to
ω0 ja gÐnei apeirost� mikrì, kai ta pollapl�si� tou, kω0 ja eÐnai tìso kont� to èna me to �llo pou
de ja orÐzoun pia diakritèc timèc, all� èna suneq  �xona tou ω! 'Etsi, oi fasmatikèc grammèc ja eÐnai
apeirost� kont� metaxÔ touc, tìso kont� pou plèon de ja eÐnai fasmatikèc grammèc, all� ja orÐzoun mia
suneq  sun�rthsh X(ω)! ?-) Aut  eÐnai h diaisjhtik  prosèggish thc sqèshc metasq. Fourier kai thc
seir�c Fourier...

Sq ma 2: BasisteÐte sth diaÐsjhs  sac!!

2 O metasq. Fourier

Ac jumhjoÔme ton orismì:

X(ω) = F{x(t)} =

∫ ∞
−∞

x(t)e−jωtdt (1)

kai ton antÐstrofo metasq. Fourier

x(t) = F−1{X(ω)} =
1

2π

∫ ∞
−∞

X(ω)ejωtdω (2)

H sqèsh (1) mac analÔei èna mh periodikì s ma se èna suneqèc f�sma X(ω), en¸ h sqèsh (2) mac sunjètei
to s ma x(t) me èna suneqèc �jroisma ekjetik¸n shm�twn, pou èqei b�roc X(ω).
H omoiìthta me tic seirèc Fourier eÐnai, ìpwc eÐdame, arket� meg�lh. 'Opwc, gia pragmatik� periodik�
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shmata, duo ekjetik� stic suqnìthtec ±kω0 dÐnoun èna sunhmÐtono suqnìthtac kω0, autì sumbaÐnei kai
ed¸. 'Estw mia apeirost� mikr  suqnìthta ∆ω tou suneqoÔc f�smatoc tou s matoc. Epeid  analÔoume
pragmatik� s mata, ja up�rqei kai h antÐstoiqh suqnìthta −∆ω kai to pl�toc kajemi�c ja eÐnai X(∆ω)
kai X∗(∆ω) antÐstoiqa, lìgw twn gnwst¸n idiot twn gia ta pragmatik� s mata. 'Ara prosjètont�c ta,
ìpwc epit�ssei to olokl rwma, ja èqoume:

X(∆ω)ej∆ωt +X∗(∆ω)e−j∆ωt = |X(∆ω)|ejφ∆ωej∆ωt + (|X(∆ω)|ejφ∆ω)∗e−j∆ωt

= |X(∆ω)|ejφ∆ωej∆ωt + |X(∆ω)|e−jφ∆ωe−j∆ωt

= |X(∆ω)|ej(∆ωt+φ∆ω) + |X(∆ω)|e−j(∆ωt+φ∆ω)

= 2|X(∆ω)| cos(∆ωt+ φ∆ω) (3)

To f�sma perièqei ènan �peiro arijmì apì tètoia hmÐtona, stajeroÔ pl�touc 2|X(∆ω)|. 'Etsi, KAI o me-
tasqhmatismìc Fourier analÔei èna s ma se hmÐtona sthn pragmatikìthta! Apl� mia tètoia an�lush ìpwc
th deÐxame mìlic den èqei praktik  shmasÐa, par� mìno gia thn kalÔterh katanìhsh tou metasqhmatismoÔ.

2.1 'Uparxh tou metasq. Fourier

'Opwc proeÐpame, o metasq. Fourier efarmìzetai kurÐwc se MH periodik� s mata. Gia na up�rqei o
metasq. Fourier, prèpei to s ma pou analÔoume na eÐnai apolÔtwc oloklhr¸simo, dhl. na isqÔei∫ ∞

−∞
|x(t)|dt <∞ (4)

Autì praktik� shmaÐnei ìti to embadì pou perikleÐetai apì ton �xona t′t kai to s ma mac prèpei na eÐnai
peperasmèno. Gia par�deigma, to s ma x(t) = eαt, α ∈ <, DEN èqei metasqhmatismì Fourier giatÐ den
eÐnai apolÔtwc oloklhr¸simo. To Ðdio kai to x(t) = eαtu(t), α ∈ <+, ìpou u(t) h bhmatik  sun�rthsh.
'Omwc, to s ma x(t) = eαtu(t), α ∈ <− eÐnai apolÔtwc oloklhr¸simo, �ra o metasq. Fourier up�rqei.
Autì den eÐnai tuqaÐo. Ta duo pr¸ta s mata eÐnai s mata isqÔoc, kai gia aut� ta s mata, o metasq.
Fourier den up�rqei mèsw tou oloklhr¸matoc Fourier, giatÐ to olokl rwma (1) de sugklÐnei. O lìgoc
eÐnai ìti ta s mata aut� den eÐnai apolÔtwc oloklhr¸sima, dhl. h sqèsh (4) den isqÔei. Autì de shmaÐnei
ìti den èqoun metasq. Fourier, ISWS èqoun all� den upologÐzetai mèsw tou oloklhr¸matoc autoÔ -
perissìtera ja deÐte parak�tw. AntÐjeta, to trÐto s ma EINAI apolÔtwc oloklhr¸simo, kai �ra èqei
metasq. Fourier.

2.2 Parathr seic

Ac xekin soume k�poiec parathr seic...

1. 'Eqoume mil sei gia ta s mata isqÔoc, pou eÐnai �peira se di�rkeia, ki èqoun peperasmènh isqÔ kai
�peirh enèrgeia. Ston antÐpoda, up�rqoun ta s mata enèrgeiac, pou èqoun peperasmènh enèrgeia
kai mhdenik  isqÔ. JumÐzoume oti s mata enèrgeiac eÐnai ta s mata gia ta opoÐa isqÔei∫ ∞

−∞
|x(t)|2dt <∞, (5)

mia sqèsh pou moi�zei me th sqèsh (4) all� ìqi akrib¸c. Ta s mata enèrgeiac èqoun PANTA meta-
sqhmatismì Fourier. 'Enac gr goroc trìpoc gia na deÐte an èna s ma èqei metasqhmatismì Fourier
eÐnai na deÐte th grafik  par�stas  tou. An to embadì metaxÔ tou s matoc kai tou orizìntiou �xona
eÐnai peperasmèno, tìte up�rqei o metasqhmatismìc Fourier tou kai mporeÐte na ton upologÐsete me
ton orismì.
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2. GnwrÐzete ìti

x(t) = Arect(t/T )←→ X(ω) = ATsinc(
ωT

2π
) (6)

kai

y(t) = Atri(t/T )←→ Y (ω) = ATsinc2(
ωT

2π
) (7)

me

sinc(x) =
sin(πx)

πx
. (8)

PolÔ gnwst� kai polÔ qr sima zeug�ria metasq. Fourier. Parathr ste ìti to sinc(ωT2π ) mhdenÐzetai

stic jèseic ω = ±2πk
T , k ∈ Z. To X(ω) eÐnai en gènei migadik  sun�rthsh, �ra ki aut  mporeÐ na

grafeÐ sth morf  mètro-f�sh:
X(ω) = |X(ω)|ej∠X(ω) (9)

ìpou to |X(ω)| eÐnai p�nta jetikì kai lègetai mètro kai to ∠X(ω) lègetai f�sh tou metasq. Fourier,
antÐstoiqa. Gia ta paradeÐgmat� mac, èstw A = 1, kai ja eÐnai

|X(ω)| = T |sinc(ωT
2π

)|, |Y (ω)| = Tsinc2(
ωT

2π
) (10)

kai

∠X(ω) =


π, 2π(1+l)

T ≤ ω < 2π(2+l)
T ,

−π, −2π(2+l)
T ≤ ω < −2π(1+l)

T ,

0, 2πl
T ≤ |ω| <

2π(l+1)
T

(11)

me l = 0, 2, 4, · · · , kai
∠Y (ω) = 0. (12)

Gia na exhg soume lÐgo tic timèc thc f�shc t¸ra (mhn trom�zete, aut� ta perÐerga diast mata gia

Sq ma 3: (a) S ma tetragwnikoÔ parajÔrou (b) Metasq. Fourier

thn ω eÐnai apl� ta diast mata pou orÐzoun oi kìkkinec telÐtsec sto sq ma 3)... Profan¸c, epeid 
to Y (ω) eÐnai mìnima jetikì, gia k�je ω, gi' autì kai h f�sh tou eÐnai p�nta mhdèn. AntÐjeta, to
X(ω) eÐnai se k�poia diast mata jetikì kai se k�poia arnhtikì. DeÐte to sq ma 3. EkeÐ pou to
X(ω) eÐnai jetikì, h f�sh eÐnai mhdèn. EkeÐ pou eÐnai arnhtikì, èqoume duo peript¸seic:

� an briskìmaste se jetikèc suqnìthtec, tìte èqoume ìti

X(ω) = −Tsinc(ωT
2π

) = Tsinc(
ωT

2π
)ejπ, 2π

1 + l

T
≤ ω < 2π

2 + l

T
. (13)

'Ara h f�sh eÐnai ∠X(ω) = π se aut� ta diast mata.

4



� an briskìmaste se arnhtikèc suqnìthtec, tìte èqoume ìti

X(ω) = −Tsinc(ωT
2π

) = Tsinc(
ωT

2π
)e−jπ, −2π

2 + l

T
≤ ω < −2π

1 + l

T
. (14)

'Ara h f�sh eÐnai ∠X(ω) = −π se aut� ta diast mata.

3. AxÐzei na anafèroume ìti ki ed¸ isqÔei h idèa thc probol c pou eÐdame stic seirèc Fourier. Mìno
pou ed¸ den prob�lloume to s ma se ekjetik� sugkekrimènwn suqnot twn kω0, all� se OLA ta
ekjetik�, ìlwn twn suqnot twn!

4. Ac upologÐsoume to metasq. Fourier enìc �llou sun jouc s matoc enèrgeiac, tou x(t) = eatu(t), a <
0. EÐnai:

X(ω) =

∫ ∞
−∞

x(t)e−jωtdt =

∫ ∞
0

e(a−jω)tdt

=
1

a− jω
e(a−jω)t

∣∣∣∞
0

=
1

a− jω

(
lim

t→+∞
e(a−jω)t − 1

)
(15)

Ed¸ t¸ra prèpei na stamat soume. Gia na mhn apoklÐnei autì to ìrio sto ∞, ja prèpei to ìrisma
tou ekjetikoÔ na eÐnai arnhtikì, ¸ste to ìrio na teÐnei sto mhdèn. Gia na isqÔei autì, ja prèpei na
isqÔei a− jω < 0. 'Ena leptì ìmwc. To a− jω eÐnai migadikìc arijmìc. Wc gnwstìn, oi migadikoÐ
arijmoÐ DEN èqoun di�taxh, �ra to na poÔme ìti prèpei na isqÔei a − jω < 0 eÐnai �neu no matoc,
eÐnai olìtela l�joc! :-) 'Ara ti k�noume?
Ja ekmetalleutoÔme èna gnwstì l mma thc Migadik c An�lushc (mhn trom�zete, eÐnai eÔkolo, ja
to xanadeÐte kai parak�tw, sto metasq. Laplace), pou lèei ìti

e�n limt→+∞ f(t) = 0 kai g(t) eÐnai kat' apìluth tim  fragmènh, tìte
limt→+∞ f(t)g(t) = 0.

Gia na doÔme an mporoÔme kat' arq�c na to deÐxoume autì gia to s ma mac. MporoÔme na gr�youme
to s ma mac wc ginìmeno miac fragmènhc kai miac sun�rthshc pou sugklÐnei sto mhdèn? EÐnai:

e(a−jω)t = eate−jωt = f(t)g(t) (16)

'Omwc

|e−jωt| =
√

cos2(ωt) + sin2(ωt) =
√

1 = 1, (17)

gia k�je ω, t. Opìte na h fragmènh mac sun�rthsh, h g(t) = e−jωt. 'Ara arkeÐ na doÔme pìte isqÔei
ìti

lim
t→+∞

f(t) = lim
t→+∞

eat = 0 (18)

kai met� mporoÔme na suneqÐsoume th lÔsh thc �skhs c mac. Ed¸ plèon, ston ekjèth mac èqoume
pragmatikì arijmì, �ra xèroume ìti h sun�rthsh eat fjÐnei sto 0 ìtan t → +∞, mìno an a < 0,
pou isqÔei apì upìjesh (ki an den Ðsque, ja to b�zame me to zìri gia na sugklÐnei to olokl rwma
:-) ). Ac oloklhr¸soume th lÔsh mac.

X(ω) =
1

a− jω

(
lim

t→+∞
e(a−jω)t − 1

)
=

1

a− jω

(
0− 1

)
=

1

jω − a
, a < 0 (19)

'Ara o metasq. Fourier tou s matoc x(t) = eatu(t), a < 0, eÐnai

x(t) = eatu(t), a < 0⇐⇒ X(ω) =
1

jω − a
(20)
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2.3 Metasq. Fourier kai S mata IsqÔoc

'Omwc, emeÐc epeid  eÐmaste perÐergoi :-) , jèloume na mporoÔme na brÐskoume ton metasq. Fourier
kai gia s mata isqÔoc, ìqi mìno enèrgeiac. Ac prospaj soume na efarmìsoume ton orismì tou metasq.
Fourier se èna s ma isqÔoc ìpwc to x(t) = cos(ω0t).

X(ω) =

∫ ∞
−∞

x(t)e−jωtdt =

∫ ∞
−∞

cos(ω0t)e
−jωtdt =

∫ ∞
−∞

ejω0t + e−jω0t

2
e−jωtdt

=
1

2

∫ ∞
−∞

e−j(ω−ω0)tdt+
1

2

∫ ∞
−∞

e−j(ω+ω0)tdt =

=
1

2

1

(−j(ω − ω0))
e−j(ω−ω0)t

∣∣∣∞
−∞

+
1

2

1

(−j(ω + ω0))
e−j(ω+ω0)t

∣∣∣∞
−∞

(21)

Gia na mporèsoume na suneqÐsoume apì dw kai pèra, kai na upologÐsoume tic timèc twn oloklhrwm�twn,
prèpei na jèsoume periorismoÔc sta ω − ω0, ω + ω0, ¸ste ta oloklhr¸mata na mhn apoklÐnoun sto
±∞. Sugkekrimèna, prèpei na jewr soume ìti ω − ω0 > 0 ⇔ ω > ω0 gia to pr¸to olokl rwma kai
ω + ω0 > 0 ⇔ ω > −ω0 gia to deÔtero olokl rwma, ìtan t = ∞. AntÐstrofa gia ìtan t = −∞.
Autì ìmwc den epitrèpetai! O metasq. Fourier prèpei na orÐzetai gia k�je tim  tou ω! 'Ara o orismìc
apotugq�nei. Ti k�noume tìte? Tìte mpaÐnei sto paiqnÐdi h perÐfhmh sun�rthsh Dèlta, δ(t). Aut  h
sun�rthsh eÐnai perÐergo pr�gma, majhmatikoeidèc apì ta lÐga! :-) H sun�rthsh Dèlta den eÐnai akrib¸c
sun�rthsh all� katanom ,   alli¸c genikeumènh sun�rthsh, opìte de sumperifèretai ìpwc oi gnwstèc
mac sunart seic. H sun�rthsh Dèlta ikanopoieÐ tic parak�tw idiìthtec:

δ(t) = 0, t 6= 0 (22)∫ ∞
−∞

δ(t)dt = 1 (23)

Autèc shmaÐnoun ìti mporeÐte na fantasteÐte th sun�rthsh Dèlta san èna polÔ polÔ leptì tetragwnikì
palmì,

1

ε
rect

( t
ε

)
(24)

ìpou to ε, dhl. to eÔroc tou palmoÔ, teÐnei sto 0, opìte to pl�toc tou palmoÔ, 1
ε teÐnei sto �peiro. DeÐte

to sq ma 4aþ. O sunduasmìc aut¸n twn duo krat�ei ìmwc to sunolikì embadìn thc sun�rthshc Dèlta
stajerì kai Ðso me th mon�da, ìpwc mac lèei h sqèsh 23. PolÔ diaisjhtik  aut  h perigraf  ìmwc, mìno
gia touc skopoÔc tou maj matoc! :-) O tetragwnikìc palmìc den eÐnai h mình ��fusiologik �� sun�rthsh
pou proseggÐzei th sun�rthsh Dèlta. Up�rqoun ki �llec, gia par�deigma h sun�rthsh

x(t) =
1

4aπ
e

−t2
4a (25)

h opoÐa faÐnetai sto sq ma 4bþ kai sto opoÐo blèpete ìti ìso a → 0, tìso h sun�rthsh proseggÐzei
th sun�rthsh Dèlta. EpÐshc, kai h gnwst  mac sun�rthsh sinc, pou faÐnetai sto sq ma 3b', mporeÐ
na proseggÐzei polÔ kal� th sun�rthsh Dèlta. Genik�, ìpoia sun�rthsh ikanopoieÐ tic sqèseic 23 kai
22, tìte eÐnai kai aut  mia sun�rthsh Dèlta! :-) Epeid , ìpwc blèpete, h genikìterh sumperifor� twn
genikeumènwn sunart sewn eÐnai èxw apì touc skopoÔc twn shmei¸sewn kai tou maj matoc, mac arkeÐ
na qrhsimopoioÔme mìno tic idiìthtèc thc. EpÐshc, h sun�rthsh Dèlta qrhsimopoieÐtai ìpote jèloume na
orÐsoume sunart seic pou èqoun tim  MONO se shmeÐa, kai pantoÔ alloÔ eÐnai mhdèn. Gia par�deigma,
to s ma

x(t) =


2, t = 0,
−1, t = 2,
3, t = 5
0, elsewhere

(26)
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(aþ) Prosèggish δ(t)apì tetragwnikì palmì (bþ) Prosèggish δ(t) apì Gkaousian  sun�rthsh

Sq ma 4: ProseggÐseic thc sun�rthshc Dèlta

mporeÐ na grafeÐ ¸c
x(t) = 2δ(t)− δ(t− 2) + 3δ(t− 5) (27)

Me qr sh tou metasq. Fourier thc sun�rthshc Dèlta, o opoÐoc eÐnai

δ(t− t0)←→ e−jωt0 (28)

mporoÔme na broÔme to metasqhmatismì Fourier thc parap�nw sun�rthshc, kai o opoÐoc eÐnai

X(ω) = 2− e−j2ω + 3e−j5ω (29)

Epanerqìmenoi sto par�deigm� mac me to x(t) = cos(ω0t), o metasq. Fourier tou ja eÐnai

X(ω) = F{1

2
ejω0t}+ F{1

2
e−jω0t} = πδ(ω − ω0) + πδ(ω + ω0) (30)

Up�rqoun qarakthristikèc idiìthtèc thc sth bibliografÐa, pou mac dieukolÔnoun polÔ sth qr sh thc. Oi
shmantikìterec apì autèc eÐnai oi parak�tw:

x(t− t0) ∗ δ(t− t1) = x(t− t0 − t1) (31)

x(t− t0)δ(t− t1) = x(t1 − t0)δ(t− t1) (32)∫ ∞
−∞

x(t)δ(t)dt = x(0)

∫ ∞
−∞

δ(t)dt = x(0) (33)∫ ∞
−∞

x(t)δ(t− t0)dt = x(t0) (34)

ìpou ∗ dhl¸nei thn pr�xh thc sunèlixhc.

EpÐshc, up�rqoun �llec teqnikèc gia ton upologismì tou metasq. Fourier shm�twn isqÔoc. Gia
par�deigma, èna s ma isqÔoc x̂(t) mporeÐ na grafeÐ wc �jroisma thc mèshc tim c tou kai enìc s matoc pou
èqei mhdenik  mèsh tim , dhl.

x̂(t) = x0 + xz(t) (35)

ìpou x0 eÐnai h mèsh tim  tou s matoc kai xz(t) to tm ma tou s matoc me th mhdenik  mèsh tim . Profan¸c,
o metasq. Fourier tou ja eÐnai:

X̂(ω) = 2πx0δ(ω) + F{xz(t)} (36)
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ArkeÐ na broÔme to metasq.Fourier tou xz(t). Gia par�deigma, h gnwst  bhmatik  sun�rthsh x(t) = u(t)
den èqei mhdenik  mèsh tim . MporeÐ ìmwc na grafeÐ ìpwc parap�nw wc:

x(t) =
1

2
+

1

2
sgn(t) (37)

ìpou sgn(t) eÐnai h sun�rthsh pros mou

sgn(t) =

{
1, t > 0,
−1, t < 0,

(38)

H sun�rthsh pros mou faÐnetai sto sq ma 5. Profan¸c xz(t) = 1
2sgn(t) kai x0 = 1

2 . ArkeÐ na broÔme

Sq ma 5: S ma pros mou sgn(t)

to metasq. Fourier thc sun�rthshc pros mou. An qrhsimopoi soume thn idiìthta thc parag¸gishc gia
to metasq.Fourier, h opoÐa upenjumÐzetai ìti eÐnai h

F{dx(t)

dt
} = jωX(ω) (39)

ja èqoume ìti:

Xz(ω) =
1

jω
F{dxz(t)

dt
} =

1

jω
F{2δ(t)} ←→ Xz(ω) =

2

jω
(40)

Opìte telik� h bhmatik  sun�rthsh èqei metasq. Fourier

X̂(ω) = πδ(ω) +
1

jω
(41)

Fusik� h parap�nw an�lush gia ta s mata isqÔoc èqei nìhma ìtan h mèsh tim  tou s matoc eÐnai MH
mhdenik . Gia par�deigma, to s ma isqÔoc

x(t) = e2tu(t) (42)

DEN èqei mèsh tim , kaj¸c aux�nei sto ∞ ìso t→∞. 'Ena kalì krit rio � all� ìqi kai anagkaÐo � gia
thn Ôparxh tou metasq. Fourier enìc s matoc isqÔoc eÐnai to na eÐnai fragmèno, dhl.

|x(t)| < M, M <∞ (43)

ìpwc gia par�deigma ta

x(t) = cos(t), y(t) = sin(t), z(t) = u(t), w(t) = sgn(t) (44)
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kai �lla pou ikanopoioÔn th sqèsh 43.

To foberì thc upìjeshc eÐnai ìti par' ìla ta ��kìlpa�� pou mporoÔme na efarmìsoume gia na broÔme
to metasq. Fourier shm�twn isqÔoc, autìc mporeÐ na MHN up�rqei! :-R Den eÐnai sÐgouro dhlad  ìti èna
s ma isqÔoc èqei s¸nei kai kal� metasq. Fourier, ìsec teqnikèc ki an qrhsimopoi soume (bèbaia tètoia
s mata sun jwc èqoun el�qisto praktikì endiafèron kai de mac apasqoloÔn). Opìte tÐjetai to prìblhma
tou ti mporoÔme na k�noume gia na melet soume to suqnotikì perieqìmeno tètoiwn shm�twn. H ap�nthsh
eÐnai ìti meletoÔme to metasq. Fourier thc autosusqètishc tou s matoc, all� de ja epektajoÔme peris-
sìtero...

Sthn arq  tou kefalaÐou, orÐsame diaisjhtik� to metasq. Fourier wc mia genÐkeush twn seir¸n Fourier,
ìtan h perÐodoc èteine sto ∞. EÐdame tìte ìti oi fasmatikèc grammèc èrqontan ìlo kai pio kont�, me
apotèlesma na mhn èqoume telik� èna diakritì f�sma Xk all� èna suneqèc f�sma X(ω). EÐmai sÐgouroc
:-R ìti polloÐ èqete anarwthjeÐ an mporoÔme na p�me antÐstrofa! Dhl. an mporoÔme na ��arai¸soume��
tic fasmatikèc grammèc, kai na epistrèyoume apì to metasq. Fourier stic seirèc Fourier. H ap�nthsh
eÐnai èna meg�lo NAI! :-) Mìno pou den ��arai¸noume�� tic fasmatikèc grammèc, apl� dialègoume apì to
suneqèc f�sma autèc tic grammèc pou antapokrÐnontai sth seir� Fourier! P¸c? Apl� paÐrnontac timèc
thc X(ω) an� diast mata 2πk/T0, ìpou T0 h perÐodoc tou periodikoÔ s matoc!!! :-) Me lÐga majhmatik�,

Xk =
1

T0
X(ω)

∣∣∣
ω= 2πk

T0

(45)

'Etsi loipìn, èqoume �llo èna ergaleÐo upologismoÔ twn seir¸n Fourier, mèsw tou metasqhmatismoÔ. U-
pologÐzoume to metasq. Fourier MIAS periìdou tou s matoc, kai met� ton deigmatolhptoÔme an� akèraia
pollapl�sia tou 2π

T0
, dhl. tou ω0! :-) 'Ena polÔ endiafèron stoiqeÐo eÐnai ìti, ìpwc blèpete, to T0 mporeÐ na

eÐnai OPOIADHPOTE perÐodoc! Me �lla lìgia, mporoÔme apì to f�sma tou metasq. Fourier, na broÔme
touc suntelestèc Fourier gia opoiad pote perÐodo tou antÐstoiqou periodikoÔ s matoc! Autì pou sumbaÐ-
nei eÐnai ìti apl� deigmatolhptoÔme se diaforetikèc apost�seic to f�sma tou metasqhmatismoÔ Fourier! ?-)

Tèloc, èna shmantikì, ìso kai axiojaÔmasto, stoiqeÐo pou axÐzei na anaferjeÐ eÐnai to ex c: tìso
stic seirèc Fourier, ìso kai sto metasq. Fourier, èna opoiod pote s ma x(t) anaparÐstatai (  alli¸c,
mporeÐ na suntejeÐ) apì migadik� ekjetik�, pou sthn perÐptwsh twn pragmatik¸n shm�twn eÐnai sunhmÐtona
(eÐdame ìti o metasq. Fourier sqetÐzetai sten� me tic seirèc Fourier). 'Wc gnwstìn, ta sunhmÐtona èqoun
�peirh di�rkeia. SkefteÐte to lÐgo: èna mh periodikì s ma pou eÐnai, gia par�deigma, mh mhdenikì se ena
di�sthma [a, b] kai mhdèn pantoÔ alloÔ, mporeÐ na anaparastajeÐ AKRIBWS wc èna �jroisma �peirwn se
di�rkeia sunhmitìnwn! To f�sma X(ω) perièqei �peira migadik� ekjetik� (  sunhmÐtona) pou xekinoÔn apì
to −∞ kai diarkoÔn gia p�nta. Ta pl�th kai oi f�seic aut¸n twn sunistws¸n eÐnai tètoia ¸ste otan ta
prosjèsoume, paÐrnoume AKRIBWS to s ma x(t) sto di�sthma [a, b], en¸ èxw apì auto, oi sunist¸sec
autèc ajroÐzontai sto mhdèn!!!! An ��paÐzame�� me pl�th kai f�seic �peirou arijmoÔ sunhmitìnwn gia na
petÔqoume mia tìso tèleia, akrib c, kai lept  isorropÐa metaxÔ touc ¸ste na anakataskeu�zoume akrib¸c
to s ma mac, ja  tan af�ntasta dÔskolo � pijan¸c adÔnato � na ta katafèroume! Ki omwc, o metasq.
Fourier (ìpwc kai oi seirèc Fourier) to petuqaÐnei me meg�lh eukolÐa, qwrÐc poll  skèyh apì mèrouc mac.
Merikèc forèc, mac aporrofoÔn tìso ta majhmatik� pou xeqn�me na prosèxoume merikèc tètoiec, ìmorfec,
kai jaumastèc leptomèreiec...

2.4 Idiìthtec kai zeÔgh metasq. Fourier

Up�rqoun pollèc idiìthtec tou metasq. Fourier pou sac bohjoÔn na paraleÐyete ton orismì. Prèpei
na tic gnwrÐzete kal� kai na mporeÐte na tic qrhsimopoieÐte me euqèreia. Ston pÐnaka 1 apeikonÐzontai oi
perissìterec.
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Idiìthtec metashmatismoÔ Fourier

Idiìthta S ma Metasqhmatismìc Fourier

x(t) X(ω)
y(t) Y (ω)

Grammikìthta Ax(t) +By(t) AX(ω) +BY (ω)

Qronik  metatìpihsh x(t− t0) X(ω)e−jωt0

Metatìpish sth suqnìthta ejω0tx(t) X(ω − ω0)

Suzugèc s ma sto qrìno x∗(t) X(−ω)∗

Antistrof  sto qrìno x(−t) X(−ω)

St�jmish x(at) 1
|a|X(ωa )

Sunèlixh x(t) ∗ y(t) =

∫ ∞
−∞

x(τ)y(t− τ)dτ X(ω)Y (ω)

Duikìthta X(t) 2πx(−ω)

Pollaplasiasmìc x(t)y(t) 1
2πX(ω) ∗ Y (ω)

Parag¸gish
dx(t)

dt
jωX(ω)

Olokl rwsh

∫ t

−∞
x(τ)dτ

X(ω)

jω
+X(0)πδ(ω)

Suzug c summetrÐa x(t) pragmatikì


X(ω) = X(−ω)∗,
<{X(ω)} = <{X(−ω)},
={X(ω)} = −={X(−ω)},
|X(ω)| = |X(−ω)|,
∠X(ω) = −∠X(−ω)

'Artio mèroc xe(t) = Ev{x(t)}, x(t) pragmatikì <{X(ω)}
Perittì mèroc xo(t) = Od{x(t)}, x(t) pragmatikì j={X(ω)}

Je¸rhma tou Parseval

∫ ∞
−∞
|x(t)|2dt 1

2π

∫ ∞
−∞
|X(ω)|2dω

PÐnakac 1: PÐnakac Idiot twn tou metasq. Fourier

EpÐshc, o pÐnakac 2 deÐqnei merik� gnwst� zeÔgh metasqhmatism¸n pou mporeÐte na qrhsimopoieÐte
qwrÐc apìdeixh.

3 Sust mata sto q¸ro thc suqnìthtac

GnwrÐzete ìti h sqèsh pou sundèei thn eÐsodo, x(t), me thn èxodo, y(t), enìc sust matoc, h(t),
ekfr�zetai mèsw thc sunèlixhc:

y(t) =

∫ ∞
−∞

x(τ)h(t− τ)dτ (46)

'Omwc èna apì ta shmantikìtera porÐsmata thc An�lushc Fourier eÐnai ìti h sunèlixh sto qrìno gÐnetai

pollaplasiasmìc sth suqnìthta, kai to antÐstrofo. 'Ara h Ðdia sqèsh pou perigr�fei to sÔsthma mporeÐ
na grafeÐ kai wc:

Y (ω) = X(ω)H(ω) (47)

O metasq. Fourier tou sust matoc h(t) lègetai, sthn orologÐa twn susthm�twn, apìkrish suqnìthtac.
'Ena sÔsthma h(t) me apìkrish se suqnìthta H(ω) Ðswc mporeÐ na upologisteÐ pio eÔkola sto q¸ro twn
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Qr sima zeÔgh metashmatismoÔ Fourier

S ma Metasqhmatismìc Fourier
∞∑

k=−∞
Xke

jkω0t 2π
∞∑

k=−∞
Xkδ(ω − kω0)

ejkω0t 2πδ(ω − ω0)

cos(ω0t) πδ(ω − ω0) + πδ(ω + ω0)

sin(ω0t)
π
j δ(ω − ω0)− π

j δ(ω + ω0)

1 2πδ(ω)

Arect
(
t
T

)
ATsinc(ωT2π )

Atri
(
t
T

)
ATsinc2(ωT2π )

∞∑
k=−∞

δ(t− kT )
2π

T

∞∑
k=−∞

δ
(
ω − k2π

T

)
δ(t) 1

u(t) πδ(ω) +
1

jω

e−atu(t), <{a} > 0
1

a+ jω

eatu(−t), <{a} > 0
1

a− jω
te−atu(t), <{a} > 0

1

(a+ jω)2

−teatu(−t), <{a} > 0
1

(a− jω)2

tn−1

(n−1)!e
−atu(t), <{a} > 0

1

(a+ jω)n

− tn−1

(n−1)!e
atu(−t), <{a} > 0

1

(a− jω)n

PÐnakac 2: PÐnakac zeug¸n metasq. Fourier

suqnot twn ap' ìti sto q¸ro tou qrìnou. P¸c? Profan¸c apì th sqèsh

H(ω) =
Y (ω)

X(ω)
(48)

Blèpete ìti, en gènei, h apìkrish se suqnìthta eÐnai mia rht  sun�rthsh thc suqnìthtac ω. MporoÔme
loipìn na poÔme ìti

H(ω) =
Y (ω)

X(ω)
=
N(ω)

D(ω)
(49)

ìpou N(ω), D(ω) o arijmht c kai o paronomast c, antÐstoiqa, thc apìkrishc se suqnìthta H(ω), me
ìpoiec aplopoi seic mporeÐ na gÐnoun sto kl�sma. ApodeiknÔetai ìti mia tètoia rht  sun�rthsh mporeÐ
na analujeÐ se mikrìtera kl�smata mèsa apì mia apl  diadikasÐa pou lègetai ��Anaptugma se Merik�
Kl�smata��, kai perigr�fetai analutik� lÐgo parak�tw. En suntomÐa, to An�ptugma se Merik� Kl�smata
lèei ìti ìti mia tètoia rht  sun�rthsh, en gènei, mporeÐ na grafeÐ wc

H(ω) =
N(ω)

D(ω)
=

M∑
k=1

Ak
αk + jω

+

L∑
k=1

Bk
βk − jω

(50)
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SÔmfwna me ton pÐnaka me ta zeÔgh Fourier (PÐnakac 2), mporoÔme, èqontac thn An�lush se Merik�
Kl�smata, na broÔme thn h(t), wc

H(ω) =
M∑
k=1

Ak
αk + jω

+
L∑
k=1

Bk
βk − jω

←→ h(t) =
M∑
k=1

Ake
−αktu(t) +

L∑
k=1

Bke
βktu(−t) (51)

Fusik� h diadikasÐa aut  mporeÐ na qrhsimopoihjeÐ gia na brejeÐ kai to x(t)←→ X(ω), afoÔ kai to X(ω)
ekfr�zetai wc rht  sun�rthsh:

X(ω) =
Y (ω)

H(ω)
(52)

Ac doÔme merik� paradeÐgmata p�nw se aut�.
Par�deigma 1:

'Estw to sÔsthma
h(t) = e−3tu(t) (53)

Sthn eÐsodì tou parousi�zetai to s ma

x(t) = 2e−tu(t) + e−2tu(t) (54)

BreÐte thn èxodo tou sust matoc y(t).
LÔsh:

Autì pou ja mporoÔsame na k�noume eÐnai na upologÐsoume th sunèlixh thc eisìdou me to sÔsthma, me ton
klasikì trìpo tou oloklhr¸matoc. 'Omwc, an metaferjoÔme sto pedÐo thc suqnìthtac, sumbouleuìmenoi
ton pÐnaka 2, èqoume ìti

y(t) = x(t) ∗ h(t)←→ Y (ω) = X(ω)H(ω) =
( 2

1 + jω
+

1

2 + jω

) 1

3 + jω

=
2

(1 + jω)(3 + jω)
+

1

(2 + jω)(3 + jω)

=
A

1 + jω
+

B

3 + jω
+

C

2 + jω
+

D

3 + jω
←→

y(t) = Ae−tu(t) + (B +D)e−3tu(t) + Ce−2tu(t) (55)

me

A =
2

(1 + jω)(3 + jω)
(1 + jω)

∣∣∣
jω=−1

=
2

(3 + jω)

∣∣∣
jω=−1

= 1 (56)

B =
2

(1 + jω)(3 + jω)
(3 + jω)

∣∣∣
jω=−3

=
2

(1 + jω)

∣∣∣
jω=−3

= −1 (57)

C =
1

(2 + jω)(3 + jω)
(2 + jω)

∣∣∣
jω=−2

=
1

(3 + jω)

∣∣∣
jω=−2

= 1 (58)

D =
1

(2 + jω)(3 + jω)
(3 + jω)

∣∣∣
jω=−3

=
1

(2 + jω)

∣∣∣
jω=−3

= −1 (59)

kai �ra
y(t) = e−tu(t)− 2e−3tu(t) + e−2tu(t) (60)

Ac upologÐsoume to Ðdio me efarmog  tou orismoÔ thc sunèlixhc (qwrÐc grafik  lÔsh, mia kai den eÐnai
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aparaÐthto). 'Etsi, ja èqoume:

y(t) = x(t) ∗ h(t) =

∫ ∞
−∞

x(τ)h(t− τ)dτ

=

∫ ∞
−∞

(2e−τu(τ) + e−2τu(τ))e−3(t−τ)u(t− τ)dτ

=

∫ ∞
−∞

2e−τu(τ)e−3(t−τ)u(t− τ)dτ +

∫ ∞
−∞

e−2τu(τ)e−3(t−τ)u(t− τ)dτ(
isqÔei ìti u(τ)u(t− τ) =

{
1, 0 < τ < t
0, alloÔ

)

=

∫ t

0
2e−τe−3(t−τ)dτ +

∫ t

0
e−2τe−3(t−τ)dτ

=

∫ t

0
2e−τ−3(t−τ)dτ +

∫ t

0
e−2τ−3(t−τ)dτ

=

∫ t

0
2e2τ−3tdτ +

∫ t

0
eτ−3tdτ

= 2e−3t

∫ t

0
e2τdτ + e−3t

∫ t

0
eτdτ

= e−3te2τ
∣∣∣t
0

+ e−3teτ
∣∣∣t
0

= e−3t(e2t − 1) + e−3t(et − 1)

= e−t − e−3t + e−2t − e−3t

= e−t − 2e−3t + e−2t, 0 < t

= e−tu(t)− 2e−3tu(t) + e−2tu(t) (61)

pou eÐnai h Ðdia akrib¸c sqèsh me thn 60! :-) Dialèxte ti protim�te. :-)

EpÐshc, me parìmoio trìpo mporoÔme na broÔme thn eÐsodo x(t), an mac dÐnetai to sÔsthma kai h èxodoc
tou. DeÐte:

Par�deigma 2:
'Estw èna sÔsthma me apìkrish suqnìthtac

H(ω) =
1

3 + jω
(62)

Sthn eÐsodì tou, brÐsketai èna s ma x(t), to opoÐo dÐnei èxodo

y(t) = e−tu(t)− e−2tu(t) (63)

BreÐte thn eÐsodo, x(t).

LÔsh:
Me parìmoio trìpo èqoume

y(t)←→ Y (ω) =
1

1 + jω
− 1

2 + jω
(64)
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Profan¸c isqÔei

Y (ω) = H(ω)X(ω)⇐⇒ X(ω) =
Y (ω)

H(ω)
=

1
1+jω −

1
2+jω

1
3+jω

=

1
(2+jω)(1+jω)

1
3+jω

=
3 + jω

(2 + jω)(1 + jω)

=
A

2 + jω
+

B

1 + jω
←→

x(t) = Ae−2tu(t) +Be−tu(t) (65)

me

A =
3 + jω

(2 + jω)(1 + jω)
(2 + jω)

∣∣∣
jω=−2

=
3 + jω

(1 + jω)

∣∣∣
jω=−2

= −1 (66)

B =
3 + jω

(2 + jω)(1 + jω)
(1 + jω)

∣∣∣
jω=−1

=
3 + jω

(2 + jω)

∣∣∣
jω=−1

= 2 (67)

kai �ra telik� h eÐsodoc ja eÐnai
x(t) = −e−2tu(t) + 2e−tu(t) (68)

Merikèc parathr seic...

1. Me parìmoio trìpo brÐskoume to sÔsthma h(t) an mac dÐnetai h eÐsodoc kai h èxodoc, x(t), y(t),
antÐstoiqa. K�nte to! :-)

2. Gia ton upologismì twn stajer¸n A,B,C,D parap�nw, deÐte thn epìmenh par�grafo aut¸n twn
shmei¸sewn.

3. Fusik� gia ton upologismì thc exìdou enìc sust matoc mporeÐte na qrhsimopoi sete to olokl rwma
thc sunèlixhc, an sac boleÔei. To p¸c ja katalabaÐnete poiìc trìpoc eÐnai pio eÔkoloc   sÔntomoc,
apaiteÐ empeirÐa kai trib  se ask seic. Pollèc forèc m�lista den eÐnai emfanèc me to m�ti k�ti
tètoio, kai anagkastik� douleÔete ìpwc nomÐzete eseÐc, mèqri na epibebaiwjeÐte   na diayeusteÐte.
:-)

3.1 FÐltra

K�poia sust mata ekteloÔn sugkekrimènec leitourgÐec, oi opoÐec eÐnai polÔ sun jeic kai polÔ qr simec
sthn pr�xh. Autèc oi leitourgÐec perilamb�noun thn apokop  sugkekrimènwn suqnot twn tou s matoc
eisìdou kai th dièleush k�poiwn �llwn, kai/  thn enÐsqush twn suqnot twn tou s matoc eisìdou pou
dièrqontai eleÔjera tou sust matoc. Lìgw aut c thc leitourgÐac touc, aut� ta sust mata onom�zontai
��fÐltra��. O lìgoc, profan c: ìpwc to fÐltro (tou kafè p.q.) desmeÔei ton kafè se stèrea morf 
kai epitrèpei th dièleush tou ugroÔ kafè, ètsi kai aut� ta fÐltra, epitrèpoun th dièleush orismènwn
suqnot twn en¸ desmeÔoun (katastèlloun, mhdenÐzoun to pl�toc touc dhlad ) k�poiec �llec.
Up�rqoun tèssera basik� eÐdh fÐltrwn:

1. To bajuperatì (lowpass) fÐltro: epitrèpei th dièleush suqnot twn apì th mhdenik  suqnìthta wc
mia sugkekrimènh, pou lègetai suqnìthta apokop c, ωc.

2. To uyiperatì (highpass) fÐltro: epitrèpei th dièleush suqnot twn apì mia sugkekrimènh, pou
lègetai suqnìthta apokop c, ωc, wc to +∞.
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3. To zwnoperatì (bandpass) fÐltro: epitrèpei th dièleush suqnot twn apì mia sugkekrimènh ωc1 , wc
mia �llh sugkekrimènh suqnìthta, ωc2 . Sun jwc aut  h z¸nh suqnot twn eÐnai mikr .

4. To zwnoapagoreutikì (bandstop) fÐltro: apagoreÔei th dièleush suqnot twn apì mia sugkekrimènh
ωc1 , wc mia �llh sugkekrimènh suqnìthta, ωc2 . Sun jwc aut  h z¸nh suqnot twn eÐnai mikr . To
zwnoapagoreutikì fÐltro eÐnai k�pwc san to ��antÐjeto�� tou zwnoperatoÔ. :-)

Sq ma 6: Idanik� FÐltra

Ta fÐltra aut� faÐnontai sqhmatik� sthn eikìna 6, mìno gia tic jetikèc suqnìthtec. Summetrik� eÐnai
ta sq mata kai gia tic arnhtikèc, afoÔ mil�me gia pragmatik� s mata. Ta fÐltra aut� lègontai idanik�,
giatÐ orÐzontai mìno jewrhtik�, dhl. den mporoÔme na ta kataskeu�soume sthn pr�xh ètsi ìpwc faÐnontai
sthn eikìna. MporoÔme na ta proseggÐsoume arket� kal�, me fÐltra ìpwc aut� thc eikìnac 7. Proc to
parìn kai se autì to m�jhma, mac endiafèroun mìno ta idanik� fÐltra, gia ta opoÐa mporoÔme na èqoume mia
eÔkolh majhmatik  anapar�stas  touc. Gia par�deigma, to qamhloperatì fÐltro mporeÐ na anaparastajeÐ
majhmatik� wc:

H(ω) =

{
1, |ω| ≤ ωc
0, |ω| > ωc

(69)

H SqedÐash FÐltrwn eÐnai ènac olìklhroc tomèac thc EpexergasÐac S matoc apì mìnoc tou, opìte de ja
epektajoÔme perissìtero ed¸.
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Sq ma 7: Pragmatopoi sima FÐltra

4 An�ptugma se Merik� Kl�smata

Se aut n thn par�grafo, ja doÔme merik� pr�gmata sqetik� me thn An�lush se Merik� Kl�smata
(Partial Fraction Expansion - PFE), pou mac eÐnai qr simh stouc metasq. Fourier kai argìtera sto
metasq. Laplace, all� kai sth melèth shm�twn kai susthm�twn genikìtera. 'Opwc lèei kai to ìnom�
thc, h PFE diasp� mia rht  sun�rthsh, me sun jwc uyhl c t�xhc polu¸numa ston arijmht  kai ston
paronomast , se apl� kl�smata, me polu¸numa mikr c t�xhc (1   2) ston paronomast .

H mèjodoc pou akoloujoÔme gia thn PFE eÐnai polÔ apl , kai apl� qrei�zetai trib  gia na th sunh-
jÐsete. Up�rqoun duo sun jeic peript¸seic PFE pou sunant�me sthn Epexerg. S matoc sqetik� me th
rht  sun�rthsh pou jèloume na aplousteÔsoume.

Prèpei na shmeiwjeÐ ìti h PFE efarmìzetai MONON ìtan h t�xh tou poluwnÔmou tou arijmht  eÐnai
gn sia mikrìterh thc t�xhc tou poluwnÔmou tou paronomast . An den isqÔei autì, tìte prèpei na k�noume
pr¸ta diaÐresh poluwnÔmwn arijmht  kai paronomast , ¸ste na katal xoume se perÐptwsh pou mporoÔme
na efarmìsoume PFE.

DiakrÐnoume loipìn tic peript¸seic:

1. O paronomast c èqei aplèc rÐzec

2. O paronomast c èqei mia   perissìterec rÐzec pollaplìthtac r
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4.1 Aplèc rÐzec

JewroÔme pr¸ta thn pio apl  perÐptwsh, ìpou h sun�rths  mac

F (x) =
P (x)

Q(x)
(70)

èqei aplèc rÐzec ston paronomast  thc, Q(x). Jewr ste to akìloujo par�deigma:

F (x) =
bmx

m + bm−1x
m−1 + · · ·+ b1x+ b0

xn + an−1xn−1 + · · ·+ a1x+ a0
, m < n (71)

=
P (x)

(x− ρ1)(x− ρ2) · · · (x− ρn)

MporoÔme na deÐxoume ìti h parap�nw sqèsh mporeÐ na grafeÐ wc

F (x) =
k1

x− ρ1
+

k2

x− ρ2
+ · · ·+ kn

x− ρn
(72)

Gia na broÔme ton suntelest  ki, pollaplasi�zoume kai tic duo pleurèc thc parap�nw sqèshc me (x−ρ1),
kai èpeita jètoume x = ρ1. 'Ara

(x− ρ1)F (x)
∣∣∣
x=ρ1

=
[
k1 +

k2(x− ρ1)

x− ρ2
+
k3(x− ρ3)

x− ρ3
+ · · ·+ kn(x− ρ1)

x− ρn

]∣∣∣
x=ρ1

(73)

'Oloi oi ìroi sth dexi� pleur� apaleÐfontai, ektìc tou k1. 'Ara katal goume sto

k1 = (x− ρ1)F (x)
∣∣∣
x=ρ1

(74)

Parìmoia, katal goume ìti

ki = (x− ρi)F (x)
∣∣∣
x=ρi

, i = 1, 2, · · · , n (75)

H parap�nw diadikasÐa douleÔei anex�rthta an oi rÐzec eÐnai pragmatikèc   migadikèc.

4.2 RÐzec pollaplìthtac r

An h sun�rthsh F (x) èqei pollapl  rÐza, me pollaplìthta r, ston paronomast , tìte ja eÐnai thc
morf c

F (x) =
P (x)

(x− λ)r(x− ρ1)(x− ρ2)(x− ρ3) · · · (x− ρj)
(76)

To An�ptugma se Merik� Kl�smata gia aut  th sun�rthsh dÐnetai wc

F (x) =
d0

(x− λ)r
+

d1

(x− λ)r−1
+ · · ·+ dr−1

(x− λ)

+
k1

x− ρ1
+

k2

x− ρ2
+ · · ·+ kj

x− ρj
(77)

Oi suntelestèc ki antistoiqoÔn stic rÐzec qwrÐc pollaplìthta kai upologÐzontai ìpwc perigr�yame sthn
prohgoÔmenh par�grafo. Gia na broÔme touc suntelestèc d0, · · · , dr−1, pollaplasi�zoume kai ta duo
mèlh me (x− λ)r:

(x− λ)rF (x) = d0 + d1(x− λ) + d2(x− λ)2 + · · ·+ dr−1(x− λ)r−1 +

+ k1
(x− λ)r

x− ρ1
+ k2

(x− λ)r

x− ρ2
+ · · ·+ kn

(x− λ)r

x− ρn
(78)
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Jètontac x = λ kai sta duo mèlh, èqoume

(x− λ)rF (x)
∣∣∣
x=λ

= d0 (79)

'Ara to d0 upologÐzetai ��krÔbontac �� ton ìro (x − λ)r sthn F (x), kai jètontac x = λ sth sqèsh pou
apomènei. An paragwgÐsoume th sqèsh 78 wc proc x, to dexiì mèloc katal gei sto d1+ ìroi pou perièqoun
to (x− λ) stouc arijmhtèc. Jètontac x = λ kai sta duo mèlh, èqoume

d

dx

[
(x− λ)rF (x)

]∣∣∣
x=λ

= d1 (80)

'Ara, to d1 upologÐzetai ��krÔbontac �� ton ìro (x− λ)r apì ton ìro F (x), paragwgÐzontac thn upìloiph
èkfrash wc proc x kai met� jètontac x = λ. SuneqÐzontac kat' autìn ton trìpo, èqoume ìti

dj =
1

j!

dj

dxj
[(x− λ)rF (x)]

∣∣∣
x=λ

(81)

'Ara o suntelest c dj upologÐzetai ��krÔbontac �� ton ìro (x − λ)r sto F (x), upologÐzontac met� thn
j−ost  par�gwgo thn èkfrashc pou apomènei, diair¸ntac me j!, kai tèloc jètontac x = λ.

5 'Omwc...

Qm. PolÔ kal� wc t¸ra. :-) 'Eqoume lÔsei to prìblhma thc mh periodikìthtac, afoÔ opwc eÐqame
pei ìtan meletoÔsame tic seirèc Fourier, èna apì ta probl mat� mac  tan ìti ta s mata pou up�rqoun
sth fÔsh   pou mporoÔme na par�xoume sto ergast rio eÐnai mh periodik�, kai �ra oi seirèc Fourier den
eparkoÔsan. Me thn eisagwg  tou metasq. Fourier, lÔsame autì to prìblhma. 'Omwc mac parousi�sthke
èna nèo prìblhma, autì thc mh Ôparxhc tou metasq. Fourier gia orismèna s mata isqÔoc. Tètoia s mata
mporeÐ na antiproswpeÔoun sust mata   kai eisìdouc se sust mata, kai kalì ja  tan na broÔme ènan
trìpo na ta qeirizìmaste. Autì ja mac to prosfèrei o metasq. Laplace, pou ja doÔme polÔ sÔntoma.
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