
Sqetik� me Sunèlixh

Epimèleia:
Kafentz c Gi¸rgoc

Upoy. Did�ktwr Tmhm. H/U
Panepist mio Kr thc

22-03-2013

1 Eisagwg 

H sunèlixh apoteleÐ mia pr�xh polÔ shmantik , giatÐ sqetÐzetai me thn an�lush susthm�twn, all�
kai me to gegonìc ìti h sunèlixh metatrèpetai se ginìmeno ìtan all�zoume q¸rouc (ap' to qrìno sth
suqnìthta kai antÐstrofa). H sunèlixh, lìgw tou ìti emplèkei ton upologismì ènoc oloklhr¸matoc
(  enìc ajroÐsmatoc, sto diakritì qrìno), èqei mia duskolÐa. H duskolÐa ègkeitai sto ìti sthn pr�xh
emperièqetai to ginìmeno duo shm�twn, ek twn opoÐwn to èna èqei uposteÐ an�klash kai metatìpish.
Oi shmei¸seic autèc kalÔptoun th sunèlixh tìso tou diakritoÔ ìso kai tou suneqoÔc qrìnou.

2 H sunèlixh suneqoÔc qrìnou analutik�

Ed¸ ja xedialÔnoume ton trìpo me ton opoÐo upologÐzoume to olokl rwma thc sunèlixhc. Ac doÔme
ton orismì:

cxy(t) =

∫ ∞
−∞

x(τ)y(t− τ)dτ (1)

H pr¸th parat rhsh eÐnai ìti to olokl rwma èqei wc metablht  to τ ! 'OQI to t. To t to jewroÔme stajerì
mèsa sto olokl rwma. 'Epeita, to olokl rwma autì perièqei duo s mata: to x(τ) kai to y(t − τ). To
pr¸to eÐnai autoÔsio to s ma, den èqei k�poia metabol . To deÔtero ìmwc, blèpete ìti èqei uposteÐ duo
eÐdh epexergasÐac: an�klash kai metatìpish. H akoloujÐa metatrop c eÐnai h ex c:

y(t)→ y(τ)→ y(−τ)→ y(−τ + t) = y(t− τ) (2)

Opìte to s ma pou qrhsimopoieÐtai sto olokl rwma thc sunèlixhc èqei uposteÐ mia an�klash wc proc ton
katakìrufo �xona kai akoloÔjwc mia metatìpish wc proc t. To s ma pou prokÔptei pollaplasi�zetai me
to x(τ) kai oloklhr¸netai wc proc τ . Sun jwc protim�tai h grafik  lÔsh thc sunèlixhc, kai èna tètoio
par�deigma faÐnetai sto sq ma 1.

• Parathr ste ìti èqoume duo s mata, to f(t) kai to g(t) sthn pr¸th gramm  tou sq matoc. Epilè-
goume na paÐxoume me to g(t), dhl. autì ja metatopÐsoume kai ja anakl�soume.

• Sth deÔterh gramm , èqoume xan� ta duo s mata, mìno pou t¸ra eÐnai sunart sei tou τ kai ìqi tou
t, ìpwc akrib¸c epit�ssei to olokl rwma thc sunèlixhc, kai to g(τ) èqei anaklasteÐ wc proc ton
katakìrufo �xona, kai èqei metatopisteÐ kat� t. JumÐzw ìti autì to t to qeirizìmaste wc stajer�.
DeÐte thn allag  sta �kra tou g(τ), kai p¸c aut� prosarmìsthkan met� thn an�klash kai th
metatìpish.
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Sq ma 1: DiadikasÐa sunèlixhc suneqoÔc qrìnou

• Sthn trÐth gramm , paÐrnoume to g(t − τ) pou mìlic fti�xame kai xekin�me na to ��sèrnoume�� p�nw
ston Ðdio �xona me to f(τ), xekin¸ntac apì to −∞ kai proc to +∞.

• Sthn poreÐa (tètarth gramm ), blèpete ìti sunant�ei k�poia stigm  to f(τ). 'Otan to sunant�ei,
èqoume ginìmeno metaxÔ twn duo shm�twn kai �ra arqÐzoume na upologÐzoume to olokl rwma thc
sunèlixhc. 'Ara, autèc oi qronikèc stigmèc eÐnai ìtan to dexÐ �kro tou g(t− τ) sunant� to aristerì
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�kro tou f(τ) kai pèra, KAI ìtan to aristerì �kro tou g(t− τ) DEN èqei per�sei to 0, dhl. ìtan

t− 1 ≥ 0⇒ t ≥ 1 kai t− 4 ≤ 0⇒ t ≤ 4 (3)

opìte tìte h sunèlixh upologÐzetai sto di�sthma apì 0 wc t− 1, ekeÐ dhlad  pou up�rqei ginìmeno
metaxÔ twn duo shm�twn, wc

cfg(t) =

∫ t−1

0
f(τ)g(t− τ)dτ = · · · , (4)

ìpou kai antikajistoÔme tic majhmatikec morfèc twn shm�twn, kai upologÐzoume to olokl rwma.

• Sthn pèmpth gramm , to g(t − τ) èqei mpei olìklhro mèsa sto f(τ), pr�gma pou den eÐqe sumbeÐ
parap�nw, �ra eÐnai diaforetik  perÐptwsh. Ed¸, h sunèlixh orÐzetai ìtan to aristerì �kro thc
g(t− τ) per�sei to 0, dhl. ìtan

t− 4 > 0⇒ t > 4 (5)

kai h sunèlixh upologÐzetai wc

cfg(t) =

∫ t−1

t−4
f(τ)g(t− τ)dτ = · · · , (6)

ìpou kai antikajistoÔme tic majhmatikec morfèc twn shm�twn, kai upologÐzoume to olokl rwma.

• 'Allh perÐptwsh den up�rqei, opìte gia k�je �llo t ektìc apì ta parap�nw, h sunèlixh eÐnai mhdèn,
�ra

cfg(t) = 0, t < 1 (7)

3 H sunèlixh diakritoÔ qrìnou analutik�

Ed¸ ja xedialÔnoume ton trìpo me ton opoÐo upologÐzoume to �jroisma thc sunèlixhc. Ac doÔme ton
orismì:

cxy[n] =
∞∑

k=−∞
x[k]y[n− k] (8)

H pr¸th parat rhsh eÐnai ìti to �jroisma èqei wc metablht  to k! 'OQI to n. To n to jewroÔme stajerì
mèsa sto �jroisma. 'Epeita, to �jroisma autì perièqei duo s mata: to x[k] kai to y[n − k]. To pr¸to
eÐnai autoÔsio to s ma, den èqei k�poia metabol . To deÔtero ìmwc, blèpete ìti èqei uposteÐ duo eÐdh
epexergasÐac: an�klash kai metatìpish. H akoloujÐa metatrop c eÐnai h ex c:

y[n]→ y[k]→ y[−k]→ y[−k + n] = y[n− k] (9)

Opìte to s ma pou qrhsimopoieÐtai sto �jroisma thc sunèlixhc èqei uposteÐ mia an�klash wc proc ton
katakìrufo �xona kai akoloÔjwc mia metatìpish wc proc n. To s ma pou prokÔptei pollaplasi�zetai
me to x[k] kai ajroÐzetai wc proc n.

3.1 Grafik  lÔsh

Suqn� protim�tai h grafik  lÔsh thc sunèlixhc, lìgw optik c eukolÐac, kai èna tètoio par�deigma
faÐnetai sto sq ma 2. Ac poÔme ìti ed¸ h f [n] = anu[n], |a| < 1 kai ìti h g[n] = an−1, |a| < 1, 1 ≤ n ≤ 4.

• Parathr ste ìti èqoume duo s mata, to f [n] kai to g[n] sthn pr¸th gramm  tou sq matoc. Epilè-
goume na paÐxoume me to g[n], dhl. autì ja metatopÐsoume kai ja anakl�soume.
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Sq ma 2: DiadikasÐa sunèlixhc diakritoÔ qrìnou

• Sth deÔterh gramm , èqoume xan� ta duo s mata, mìno pou t¸ra eÐnai sunart sei tou k kai ìqi
tou n, ìpwc akrib¸c epit�ssei to �jroisma thc sunèlixhc, kai to g[k] èqei anaklasteÐ wc proc
ton katakìrufo �xona, kai èqei metatopisteÐ kat� n. JumÐzw ìti autì to n to qeirizìmaste wc
stajer�. DeÐte thn allag  sta �kra tou g[k], kai p¸c aut� prosarmìsthkan met� thn an�klash
kai th metatìpish.
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• Sthn trÐth gramm , paÐrnoume to g[n − k] pou mìlic fti�xame kai xekin�me na to ��sèrnoume�� p�nw
ston Ðdio �xona me to f [k], xekin¸ntac apì to −∞ kai proc to +∞.

• Sthn poreÐa (tètarth gramm ), blèpete ìti sunant�ei k�poia stigm  to f [k]. 'Otan to sunant�ei,
èqoume ginìmeno metaxÔ twn duo shm�twn kai �ra arqÐzoume na upologÐzoume to �jroisma thc
sunèlixhc. 'Ara, autèc oi diakritèc qronikèc stigmèc eÐnai ìtan to dexÐ �kro tou g[n− k] sunant� to
aristerì �kro tou f [k] kai pèra, KAI ìtan to aristerì �kro tou g[n − k] DEN èqei per�sei to 0,
dhl. ìtan

n− 1 ≥ 0⇒ n ≥ 1 kai n− 4 ≤ 0⇒ n ≤ 4 (10)

opìte tìte h sunèlixh upologÐzetai sto di�sthma apì 0 wc n− 1, ekeÐ dhlad  pou up�rqei ginìmeno
metaxÔ twn duo shm�twn, wc

cfg[n] =

n−1∑
k=0

f [k]g[n− k] =
n−1∑
k=0

akan−k−1 (11)

=
n−1∑
k=0

an−1 = an−1(n− 1− 0 + 1) = nan−1, 1 ≤ n ≤ 4 (12)

• Sthn pèmpth gramm , to g[n − k] èqei mpei olìklhro mèsa sto f [k], pr�gma pou den eÐqe sumbeÐ
parap�nw, �ra eÐnai diaforetik  perÐptwsh. Ed¸, h sunèlixh orÐzetai ìtan to aristerì �kro thc
g[n− k] per�sei to 0, dhl. ìtan

n− 4 > 0⇒ n > 4 (13)

kai h sunèlixh upologÐzetai wc

cfg[n] =

n−1∑
k=n−4

f [k]g[n− k] =
n−1∑

k=n−4
akan−k−1 (14)

=

n−1∑
k=n−4

an−1 = an−1(n− 1− (n− 4) + 1) = 4an−1, n > 4 (15)

• 'Allh perÐptwsh den up�rqei, opìte gia k�je �llo n ektìc apì ta parap�nw, h sunèlixh eÐnai mhdèn,
�ra

cfg[n] = 0, n < 1 (16)

• Opìte sugkentrwtik� ja eÐnai:

cfg[n] =


nan−1, 1 ≤ n ≤ 4
4an−1, n > 4
0, alloÔ

(17)

3.2 AlgebrikoÐ trìpoi

Ac doÔme an o algebrikìc trìpoc mac dÐnei to Ðdio apotèlesma... ja upologÐsoume th sunèlixh
algebrik� me treic trìpouc (f [n] ∗ g[n], g[n] ∗ f [n], sun ènac akìma trìpoc pou up�rqei lìgw tou
ìti to deÔtero s ma eÐnai peperasmènhc di�rkeiac). Arqik�, ac prosèxoume ìti

g[n] = an−1, 1 ≤ n ≤ 4⇔ g[n] = an−1(u[n− 1]− u[n− 5]) (18)
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3.2.1 Sunèlixh f [n] ∗ g[n]

Ja eÐnai:

cfg[n] =
∞∑

k=−∞
f [k]g[n− k] =

∞∑
k=−∞

aku[k]an−k−1(u[n− k − 1]− u[n− k − 5]) (19)

=

∞∑
k=−∞

akan−k−1u[k]u[n− k − 1]−
∞∑

k=−∞
akan−k−1u[k]u[n− k − 5] (20)

To pr¸to ginìmeno bhmatik¸n eÐnai 1 ìtan k ≤ n− 1, k ≥ 0, en¸ to deÔtero ìtan k ≤ n− 5, k ≥ 0.
'Ara ja èqoume

∞∑
k=−∞

akan−k−1u[k]u[n− k − 1] =
n−1∑
k=0

akan−k−1 = an−1(n− 1− 0 + 1), 0 ≤ k ≤ n− 1 (21)

kai

−
∞∑

k=−∞
akan−k−1u[k]u[n− k− 5] = −

n−5∑
k=0

akan−k−1 = −an−1(n− 5− 0+ 1), 0 ≤ k ≤ n− 5 (22)

opìte ja eÐnai
nan−1, 0 ≤ k ≤ n− 1⇔ nan−1, n ≥ 1 (23)

kai
−(n− 4)an−1, 0 ≤ k ≤ n− 5⇔ −(n− 4)an−1, n ≥ 5 (24)

antÐstoiqa. ParathroÔme ìti up�rqei epik�luyh sta diast mata. MporoÔme ìmwc na gr�youme thn
parap�nw sqèsh, gr�fontac touc periorismoÔc sta diast mata wc bhmatikèc, wc

∞∑
k=−∞

akan−k−1u[k]u[n− k − 1] = nan−1u[n− 1] (25)

kai

−
∞∑

k=−∞
akan−k−1u[k]u[n− k − 5] = −(n− 4)an−1u[n− 5] (26)

kai �ra ja èqoume

cfg[n] = nan−1u[n− 1]− (n− 4)an−1u[n− 5] (27)

= nan−1(u[n− 1]− u[n− 5]) + 4an−1u[n− 5] (28)

=


nan−1, 1 ≤ n ≤ 4

4an−1, n ≥ 5
0, alloÔ

(29)

pou eÐnai to Ðdio apotèlesma me to grafikì trìpo lÔshc.

3.2.2 Sunèlixh g[n] ∗ f [n]

Ja eÐnai:

cfg[n] =

∞∑
k=−∞

f [k]g[n− k] =
∞∑

k=−∞
ak−1(u[k − 1]− u[k − 5])an−ku[n− k]

=
∞∑

k=−∞
ak−1an−ku[k − 1]u[n− k]−

∞∑
k=−∞

ak−1an−ku[k − 5]u[n− k] (30)
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To pr¸to ginìmeno twn bhmatik¸n eÐnai 1 ìtan k ≤ n, k ≥ 1, en¸ to deÔtero ìtan k ≤ n, k ≥ 5.
'Ara ja èqoume

∞∑
k=−∞

ak−1an−ku[k − 1]u[n− k] =
n∑
k=1

ak−1an−k = an−1(n− 1 + 1), 1 ≤ k ≤ n (31)

kai

−
∞∑

k=−∞
ak−1an−ku[k − 5]u[n− k] = −

n∑
k=5

ak−1an−k = −an−1(n− 5 + 1), 5 ≤ k ≤ n (32)

opìte ja eÐnai
nan−1, 1 ≤ k ≤ n⇔ nan−1, n ≥ 1 (33)

kai
−(n− 4)an−1, 5 ≤ k ≤ n⇔ −(n− 4)an−1, n ≥ 5 (34)

Blèpoume ki ed¸ ìti up�rqei epik�luyh sta diast mata, all� mporoÔme kai p�li na gr�youme autoÔc
touc periorismoÔc wc bhmatikèc sunart seic, dhl.

∞∑
k=−∞

ak−1an−ku[k − 1]u[n− k] = nan−1u[n− 1] (35)

kai

−
∞∑

k=−∞
ak−1an−ku[k − 5]u[n− k] = −(n− 4)an−1u[n− 5] (36)

kai �ra ja èqoume

cgf [n] = nan−1u[n− 1]− (n− 4)an−1u[n− 5] (37)

= nan−1(u[n− 1]− u[n− 5]) + 4an−1u[n− 5] (38)

=


nan−1, 1 ≤ n ≤ 4
4an−1, n ≥ 5
0, alloÔ

(39)

pou eÐnai xan� to Ðdio apotèlesma me to grafikì trìpo lÔshc all� kai thn prohgoÔmenh algebrik 
mèjodo.

3.2.3 TrÐtoc trìpoc

EÐnai

cgf [n] =
∞∑

k=−∞
f [k]g[n− k] =

4∑
k=1

ak−1an−ku[n− k] (40)

Ed¸ ekmetalleut kame ìti to g[n] eÐnai peperasmènhc di�rkeiac kai all�xame ta �kra epitìpou.
'Omwc prèpei na doÔme ti ja gÐnei me to u[n− k]. Profan¸c h sun�rthsh aut  eÐnai 1 ìtan k ≤ n.
AfoÔ 1 ≤ k ≤ 4, ja èqoume epÐshc ìti

1 ≤ k ≤ n ≤ 4
'H

1 ≤ k ≤ 4 < n
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'Ara ja èqoume antÐstoiqa,

cgf [n] =
n∑
k=1

ak−1an−k =
n∑
k=1

an−1 = an−1(n− 1 + 1) = nan−1, 1 ≤ n ≤ 4 (41)

 

cgf [n] =
4∑

k=1

ak−1an−k =
4∑

k=1

an−1 = an−1(4− 1 + 1) = 4an−1, n > 4 (42)

'Ara sugkentrwtik�

cgf [n] =


nan−1, 1 ≤ n ≤ 4
4an−1, n > 4
0, alloÔ

(43)

pou eÐnai to Ðdio apotèlesma me ta prohgoÔmena.

Ac doÔme merikèc parathr seic...

Sq ma 3: PolÔc kìsmoc èqei talaipwrhjeÐ apì th sunèlixh...

1. Profan¸c, to Sq ma 2 den eÐnai akribèc giatÐ oi metakin seic tou aristeroÔ s matoc gÐnontai an�
akèraiec qronikèc stigmèc, opìte ta deÐgmata tou enìc s matoc pèftoun p�nta p�nw sta deÐgmata
tou �llou. Apl� ta èqoume xeqwrÐsei gia optikoÔc lìgouc.

2. 'Opwc blèpete, to pio shmantikì pr�gma eÐnai na mporeÐte na upologÐsete to metatopismèno s ma
kai na blèpete swst� tic peript¸seic kai ta �kra tou ajroÐsmatoc, ìson afor� th grafik  lÔsh.
Oi pr�xeic met� eÐnai apl� majhmatik�.

3. H sunèlixh eÐnai antimetajetik  pr�xh, isqÔei dhl. ìti

cfg[n] = f [n] ∗ g[n] = g[n] ∗ f [n] = cgf [n] (44)

cfg(t) = f(t) ∗ g(t) = g(t) ∗ f(t) = cgf (t) (45)

dhl. an paÐzame sth grafik  lÔsh me to f [n] − f(t) antÐ gia to g[n] − g(t), ja eÐqame p�li to Ðdio
apotèlesma. To eÐdate �llwste sthn algebrik  mèjodo.
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4. ProtimoÔme na paÐxoume me to mikrìtero se di�rkeia s ma, giatÐ sun jwc eÐnai pio eÔkolh h diadi-
kasÐa. An kai ta duo s mata eÐnai �peirhc di�rkeiac, protimoÔme ìpoio jèloume.

5. Qr simh parat rhsh gia peperasmènhc di�rkeiac s mata eÐnai h ex c: an to èna ek twn duo eÐnai
mh mhdenikì sto di�sthma [a, b] kai to �llo eÐnai mh mhdenikì sto di�sthma [c, d], tìte h sunèlix 
touc eÐnai mh mhdenik  sto di�sthma [a + c, b + d]. EÐnai qr simh parat rhsh gia na mporoÔme na
elègqoume ta apotelèsmat� mac. Gia par�deigma, an sto sq ma 2, eÐqame sunèlixh thc g[n] me ton
eautì thc, dhl. cgg[n] = g[n] ∗ g[n], tìte to apotèlesma ja  tan mh mhdenikì sto di�sthma [2, 8].

6. O trìpoc pou protim� o kajènac gia thn epÐlush thc sunèlixhc exart�tai apì ton Ðdio. Dialèxte
ènan trìpo kai m�jetè ton kal�. Sun jwc, sto diakritì qrìno protimoÔme k�poia algebrik  mèjodo,
en¸ sto suneq  qrìno eÐnai sÔnhjec na blèpoume grafikèc lÔseic - fusik� autì de desmeÔei kanènan.
:-)

7. Sth bibliografÐa, ja breÐte ton orismì thc sunèlixhc me diaforetikèc metablhtèc. P.q.

cxy(t) =

∫ ∞
∞

x(τ)y(t− τ)dτ (46)

cxy(τ) =

∫ ∞
∞

x(t)y(τ − t)dt (47)

Kai oi duo parap�nw sqèseic eÐnai swstèc. Apl� all�xame tic metablhtèc t, τ metaxÔ touc. Dialèxte
ìpoia sac boleÔei, arkeÐ na eÐste sunepeÐc kai prosektikoÐ. Se autèc tic shmei¸seic, protimoÔme
sun jwc thn pr¸th sqèsh.

8. H grafik  epÐlush pou suzht same ed¸ faÐnetai ek pr¸thc ìyewc perÐplokh kai apojarrÔnei to
foitht . Pr�gmati, k�poioi isqurÐzontai ìti h sunèlixh èqei odhg sei polloÔc proptuqiakoÔc se
tm mata Mhqanik¸n H/U na ensternistoÔn th JeologÐa, eÐte gia swthrÐa yuq c eÐte wc enallaktik 
karièra!! :-) (deÐte to periodikì IEEE Spectrum, M�rtioc 1991, sel. 60).

4 Sust mata SuneqoÔc kai DiakritoÔ Qrìnou

Ta sust mata den eÐnai tÐpota �llo apì s mata ki aut�, ta opoÐa sun jwc k�noun mia sugkekrimènh
doulei� ep�nw sto s ma eisìdou touc, x(t) (  x[n]). Aut  h doulei� antikatoptrÐzetai sthn èxodo tou
sust matoc, y(t) (  y[n]). To s ma pou perigr�fei to sÔsthma sun jwc sumbolÐzetai wc h(t) (  h[n]),
kai lègetai kroustik  apìkrish. H sqèsh eisìdou-exìdou orÐzetai wc h sunèlixh thc eisìdou me thn
kroustik  apìkrish:

y(t) = x(t) ∗ h(t) (   y[n] = x[n] ∗ h[n]) (48)

ìpou ∗ sumbolÐzei thn pr�xh thc sunèlixhc. EpÐshc, mporeÐ èna sÔsthma na perigrafeÐ me mia apl 
majhmatik  sqèsh, wc h èxodoc sunart sei thc eisìdou:

y(t) = f(x(t)) (   y[n] = f(x[n])) (49)

4.1 Idiìthtec Susthm�twn SuneqoÔc Qrìnou

Ta sust mata èqoun orismènec qr simec idiìthtec, tic opoÐec kai ja suzht soume ed¸. Oi idiìthtec
autèc eÐnai oi ex c:

1. Sust mata me mn mh: ta sust mata me mn mh eÐnai aut� gia ta opoÐa h èxodìc touc apaiteÐ
prohgoÔmenec timèc thc eisìdou gia na upologisteÐ. Gia par�deigma, to sÔsthma y(t) = 2x(t) eÐnai
èna sÔsthma qwrÐc mn mh, en¸ to sÔsthma y(t) = ex(t−1) eÐnai èna sÔsthma me mn mh.

9



2. Aitiat� sust mata: ta aitiat� sust mata eÐnai aut� gia ta opoÐa o upologismìc thc exìdou
DEN apaiteÐ mellontikèc timèc thc eisìdou. Gia par�deigma, to sÔsthma y(t) = 2x(t−1)+sin(x(t))
eÐnai aitiatì, en¸ to sÔsthma y(t) = x(t−2)2+4x(t+4) eÐnai mh aitiatì, epeid  gia ton upologismì
tou y(t) apaiteÐtai mellontik  tim  thc eisìdou, h x(t+ 4). Enallaktik�, mporeÐte na elègqete thn
h(t), an sac dÐnetai. An isqÔei ìti h(t) = 0, t < 0, tìte to sÔsthma eÐnai aitiatiì. Mia kai eÐpame
ìti èna sÔsthma den eÐnai tÐpota �lla apì èna s ma ki autì, ja deÐte lÐgo parak�tw ìti èna aitiatì
s ma x(t) ikanopoieÐ th sqèsh x(t) = 0, t < 0.

3. Grammik� sust mata: ta grammik� sust mata eÐnai aut� gia ta opoÐa isqÔei ìti:

x(t) = Ax1(t) +Bx2(t)→ y(t) = T{Ax1(t) +Bx2(t)}
= AT{x1(t)}+BT{x2(t)} = y1(t) + y2(t) (50)

Me lìgia, grammik� eÐnai ta sust mata sta opoÐa an efarmìsoume wc eÐsodo èna �jroisma shm�twn,
ja p�roume wc èxodo to �jroisma twn exìdwn pou ja paÐrname an eÐqame d¸sei wc eÐsodo èna-èna
ta s mata, ki ìqi ìla mazÐ wc �jroisma. Gia par�deigma, to sÔsthma y(t) = 2x(t + 1) − 3x(t − 4)
eÐnai grammikì, en¸ to sÔsthma y(t) =

√
x(t) den eÐnai grammikì, ìpwc epÐshc kai to y(t) = x2(t)

den eÐnai grammikì. H idiìthta thc grammikìthtac eÐnai polÔ shmantik .

4. Qronik� Amet�blhta sust mata: ta sust mata pou eÐnai qronik� amet�blhta eÐnai aut� gia
ta opoÐa isqÔei ìti h èxodìc touc DEN exart�tai rht� apì to qrìno t. Gia par�deigma, to sÔsthma
y(t) = 3x(t + 2) − 2 cos(x(t − 2)) eÐnai qronik� amet�blhto, en¸ to sÔsthma y(t) = tx(t) eÐnai
qronik� metablhtì.

5. Eustaj  sust mata: ta sust mata pou eÐnai eustaj  eÐnai aut� gia ta opoÐa isqÔei:

|x(t)| < Mx ⇒ |y(t)| < My, Mx,My < +∞ (51)

Me lìgia, an h eÐsodoc eÐnai fragmènh kat' apìluth tim , tìte kai h èxodoc eÐnai fragmènh kat'
apìluth tim . Gia par�deigma, to sÔsthma y(t) = x(t − 1) + t den eÐnai eustajèc, ìpwc epÐshc kai
to sÔsthma y(t) = t/x(t + 2), en¸ to sÔsthma y(t) = sin(x(t)) eÐnai eustajèc. O sugkekrimènoc
orismìc thc eust�jeiac lègetai kai BIBO stablility - Bounded Input Bounded Output stability,
pou dhl¸nei akrib¸c ì,ti eÐpame: ìtan h eÐsodoc eÐnai apolÔtwc fragmènh, tìte kai h èxodoc eÐnai
apolÔtwc fragmènh (ki ìqi aparaÐthta apì ton Ðdio arijmì-fr�gma, ìpwc faÐnetai parap�nw).

4.2 Idiìthtec Susthm�twn DiakritoÔ Qrìnou

Ta sust mata diakritoÔ qrìnou èqoun tic antistoiqec idiìthtec:

1. Sust mata me mn mh: ta sust mata me mn mh eÐnai aut� gia ta opoÐa h èxodìc touc apaiteÐ
prohgoÔmenec timèc thc eisìdou gia na upologisteÐ. Gia par�deigma, to sÔsthma y[n] = 2x[n] eÐnai
èna sÔsthma qwrÐc mn mh, en¸ to sÔsthma y[n] = ex[n−2] eÐnai èna sÔsthma me mn mh.

2. Aitiat� sust mata: ta aitiat� sust mata eÐnai aut� gia ta opoÐa o upologismìc thc exìdou
DEN apaiteÐ mellontikèc timèc thc eisìdou. Gia par�deigma, to sÔsthma y[n] = 2x[n−1]+sin(x[n])
eÐnai aitiatì, en¸ to sÔsthma y[n] = x2[n−2]+4x[n+4] eÐnai mh aitiatì, epeid  gia ton upologismì
tou y[n] apaiteÐtai mellontik  tim  thc eisìdou, h x[n+ 4]. Enallaktik�, mporeÐte na elègqete thn
h[n], an sac dÐnetai. An isqÔei ìti h[n] = 0, n < 0, tìte to sÔsthma eÐnai aitiatiì. Mia kai eÐpame
ìti èna sÔsthma den eÐnai tÐpota �lla apì èna s ma ki autì, ja deÐte lÐgo parak�tw ìti èna aitiatì
s ma x[n] ikanopoieÐ th sqèsh x[n] = 0, n < 0.
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3. Grammik� sust mata: ta grammik� sust mata eÐnai aut� gia ta opoÐa isqÔei ìti:

x[n] = Ax1[n] +Bx2[n]→ y[n] = T{Ax1[n] +Bx2[n]}
= AT{x1[n]}+BT{x2[n]} = y1[n] + y2[n] (52)

Me lìgia, grammik� eÐnai ta sust mata sta opoÐa an efarmìsoume wc eÐsodo èna �jroisma shm�twn,
ja p�roume wc èxodo to �jroisma twn exìdwn pou ja paÐrname an eÐqame d¸sei wc eÐsodo èna-èna
ta s mata, ki ìqi ìla mazÐ wc �jroisma. Gia par�deigma, to sÔsthma y[n] = 2x[n + 1] − 3x[n − 4]
eÐnai grammikì, en¸ to sÔsthma y[n] =

√
x[n] den eÐnai grammikì, ìpwc epÐshc kai to y[n] = x2[n]

den eÐnai grammikì. H idiìthta thc grammikìthtac eÐnai polÔ shmantik .

4. Qronik� Amet�blhta sust mata: ta sust mata pou eÐnai qronik� amet�blhta eÐnai aut� gia
ta opoÐa isqÔei ìti h èxodìc touc DEN exart�tai rht� apì to qrìno n. Gia par�deigma, to sÔsthma
y[n] = 3x[n + 2]) − 2 cos(x[n − 2]) eÐnai qronik� amet�blhto, en¸ to sÔsthma y[n] = nx[n] eÐnai
qronik� metablhtì.

5. Eustaj  sust mata: ta sust mata pou eÐnai eustaj  eÐnai aut� gia ta opoÐa isqÔei:

|x[n]| < Mx ⇒ |y[n]| < My, Mx,My < +∞ (53)

Me lìgia, an h eÐsodoc eÐnai fragmènh kat' apìluth tim , tìte kai h èxodoc eÐnai fragmènh kat'
apìluth tim . Gia par�deigma, to sÔsthma y[n] = x[n− 1] + n den eÐnai eustajèc, ìpwc epÐshc kai
to sÔsthma y[n] = n/x[n + 2], en¸ to sÔsthma y[n] = sin(x[n]) eÐnai eustajèc. O sugkekrimènoc
orismìc thc eust�jeiac lègetai kai BIBO stablility - Bounded Input Bounded Output stability,
pou dhl¸nei akrib¸c ì,ti eÐpame: ìtan h eÐsodoc eÐnai apolÔtwc fragmènh, tìte kai h èxodoc eÐnai
apolÔtwc fragmènh (ki ìqi aparaÐthta apì ton Ðdio arijmì-fr�gma, ìpwc faÐnetai parap�nw).

Apì ìlec autèc tic kathgorÐec shm�twn, ta pio shmantik� eÐnai aut� pou eÐnai grammik�, qronik�
amet�blhta, kai se aut� ja anaferìmaste apì ed¸ kai pèra ìtan mil�me gia sust mata. H eust�jeia eÐnai
sun jwc mia epijumht  idiìthta all� de ja th jewr soume dedomènh sth melèth mac.
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5 Ask seic

1. 'Estw ta parak�tw s mata: Na upologÐsete th sunèlixh y(t) = x(t) ∗ h(t).

Sq ma 4: Sq ma 'Askhshc 1

LÔsh:
Epilègoume na paÐxoume me to x(t), kaj' ìti eukolìtero. H an�klash kai h metatìpish tou s matoc
faÐnetai sto sq ma 5. Akolouj¸ntac th diadikasÐa pou perigr�fhke sthn par�grafo 2, ja èqoume

Sq ma 5: Metatìpish kai an�klash gia 'Askhsh 1

tic parak�tw peript¸seic:

• y(t) = 0, t < 0 (sq ma 6aþ)

• y(t) =
∫ t

0

τ

T
dτ =

τ2

2T

∣∣∣t
0
=

t2

2T
, gia t ≥ 0 kai t− T ≤ 0⇔ 0 ≤ t ≤ T (sq ma 6bþ)

• y(t) =
∫ t

t−T

τ

T
dτ +

∫ t

T

(
2− τ

T

)
dτ = − t

2

T
+ 3t− 3T

2
, gia t− T < T kai t ≥ T ⇔ T ≥ t < 2T

(sq ma 7aþ)

• y(t) =
∫ 2T

t−T

(
2− τ

T

)
dτ =

(
2τ − τ2

2T

)∣∣∣2T
t−T

=
t2

2T
− 3t+

9T

2
, gia t < 3T kai t ≥ 2T ⇔ 2T ≤

t < 3T (sq ma 7bþ)

• y(t) = 0, t ≥ 3T (sq ma 8aþ)

'Ara telik� ja eÐnai:

y(t) =


0, t < 0 kai t ≥ 3T
t2

2T , 0 ≤ t ≤ T
− t2

T + 3t− 3T
2 , T ≥ t < 2T

t2

2T − 3t+ 9T
2 , 2T ≤ t < 3T

(54)
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(aþ) 1h perÐptwsh 'Askhshc 1 (bþ) 2h perÐptwsh 'Askhshc 1

Sq ma 6: Peript¸seic 'Askhshc 1 - I

(aþ) 3h perÐptwsh 'Askhshc 1 (bþ) 4h perÐptwsh 'Askhshc 1

Sq ma 7: Peript¸seic 'Askhshc 1 - II

(aþ) 5h perÐptwsh 'Askhshc 1

Sq ma 8: Peript¸seic 'Askhshc 1 - III

pou eÐnai kai to zhtoÔmeno.

2. 'Estw ta s mata
x(t) = Ae−|t|, h(t) = 2(u(t− 3)− u(t− 5))

pou faÐnontai sto sq ma 9 UpologÐste th sunèlixh twn duo shm�twn.

Sq ma 9: Sq ma 'Askhshc 2

LÔsh:
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Epilègoume na paÐxoume me to h(t), kaj' ìti eukolìtero. H an�klash kai h metatìpish tou s matoc
faÐnetai sto sq ma 10. Akolouj¸ntac th diadikasÐa pou perigr�fhke sthn par�grafo 2, ja èqoume

Sq ma 10: An�klash kai metatìpish tou s matoc 'Askhshc 2

tic parak�tw peript¸seic:

• y(t) =
∫ t−3

t−5
2Aeτdτ = 2A(et−3 − et−5), gia t− 3 ≤ 0⇔ t ≤ 3 (sq ma 11aþ)

• y(t) =
∫ 0

t−5
2Aeτdτ +

∫ t−3

0
2Ae−τdτ = 2A(2A−et−5−e3−t), gia t ≤ 5 kai t > 3⇔ 3 < t ≤ 5

(sq ma 11bþ)

• y(t) =
∫ t−3

t−5
2Ae−τdτ = 2A(e5−t − e3−t), gia t− 5 > 0⇔ t > 5 (sq ma 12aþ)

(aþ) 1h perÐptwsh 'Askhshc 2 (bþ) 2h perÐptwsh 'Askhshc 2

Sq ma 11: Peript¸seic 'Askhshc 2 - I

(aþ) 3h perÐptwsh 'Askhshc 2

Sq ma 12: Peript¸seic 'Askhshc 2 - II
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'Ara telik� ja èqoume

y(t) =


2A(et−3 − et−5), t ≤ 3
2A(2A− et−5 − e3−t), 3 < t ≤ 5
2A(e5−t − e3−t), t > 5

(55)

pou eÐnai kai to zhtoÔmeno.

3. 'Estw ta s mata

x(t) =

{
0, alloÔ
1
t , t ≥ 1

y(t) =

{
t2, 0 ≤ t ≤ 1
0, alloÔ

UpologÐste th sunèlixh twn duo shm�twn.

LÔsh:
Epilègoume na paÐxoume me to h(t), kaj' ìti eukolìtero sth sqedÐash. H an�klash kai h metatìpish
tou s matoc faÐnetai sto sq ma 13. Akolouj¸ntac th diadikasÐa pou perigr�fhke sthn par�grafo

Sq ma 13: Anaklasmèno kai metatopismèno s ma 'Askhshc 3

2, ja èqoume tic parak�tw peript¸seic:

• y(t) = 0, t ≤ 1

• y(t) =
∫ t

1

1

τ
(t− τ)2dτ = t2 ln |τ |

∣∣∣t
1
− 2tτ

∣∣∣t
1
+
τ2

2

∣∣∣t
1
= · · · , gia t < 2 kai t > 1⇔ 1 < t < 2

• y(t) =
∫ t

t−1

1

τ
(t− τ)2dτ = t2 ln |τ |

∣∣∣t
t−1
− 2tτ

∣∣∣t
t−1

+
τ2

2

∣∣∣t
t−1

= · · · , gia t− 1 ≥ 1⇔ t ≥ 2

Epibebai¸ste eseÐc sqhmatik� ìti ta parap�nw eÐnai swst�! :-)

4. 'Estw to s ma
x(t) = 2δ(t)− 3δ(t− 4)

kai to s ma h(t) pou faÐnetai sto sq ma 14. BreÐte to apotèlesma thc sunèli-
xhc twn duo shm�twn.

LÔsh:
H sunèlixh me sunart seic Dèlta apl� par�gei antÐgrafa twn shm�twn me ta opoÐa sunelÐssetai,
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Sq ma 14: Sq ma 'Askhshc 4

metatopismèna sth jèsh thc sun�rthshc Dèlta, pollaplasiasmèna me to pl�toc thc. OÔte olo-
klhr¸mata, oÔte metatopÐseic, oÔte anastrofèc, oÔte tÐpota! :-) GÐnetai ìmwc eureÐa qr sh twn
idiot twn thc sun�rthshc Dèlta, ìpwc h

x(t) ∗ δ(t− t0) = x(t− t0)

'Ara ja eÐnai apl�

y(t) = h(t) ∗ (2δ(t)− 3δ(t− 4)) = 2h(t) ∗ δ(t)− 3h(t) ∗ δ(t− 4) = 2h(t)− 3h(t− 4)

To apotèlesma thc sunèlixhc faÐnetai sto sq ma 15.

Sq ma 15: S ma sunèlixhc h(t) ∗ x(t) 'Askhshc 4

5. Na upologisteÐ h sunèlixh twn shm�twn

x(t) = u(t)

y(t) = e−2tu(t)

LÔsh:
Ta duo s mata eÐnai ìpwc sto sq ma 16. PaÐzoume me to x(t). To anestrammèno kai anaklasmèno
s ma faÐnetai sto sq ma 17. DiakrÐnoume duo peript¸seic, oi opoÐec faÐnontai sta sq mata 18aþ kai
18bþ.

• cxy(t) = 0, t ≤ 0

• cxy(t) =
∫ ∞
−∞

e−2τu(t)u(t− τ)dτ =

∫ t

0
e−2τdτ =

1− e−2t

2
, t > 0
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Sq ma 16: S mata 'Askhshc 5

Sq ma 17: Metatopismèno s ma 'Askhshc 5

(aþ) PerÐptwsh 1h (bþ) PerÐptwsh 2h

Sq ma 18: Peript¸seic 'Askhshc 5

'Ara telik� ja eÐnai

cxy(t) =

{
1−e−2t

2 , t > 0
0, t ≤ 0

(56)

pou eÐnai kai to zhtoÔmeno.

6. JewroÔme to sÔsthma pou faÐnetai sto sq ma 19, me

Sq ma 19: S ma 'Askhshc 6

x(t) = u
(
t+

1

2

)
− u

(
t− 1

2

)
h1(t) = δ

(
t− 3

2

)
h2(t) = u(t)− u(t− 3)
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Na upologisteÐ kai na sqediasteÐ h èxodoc tou sust matoc, y(t).

LÔsh:
AfoÔ ta sust mata eÐnai se seir�, mporoÔme na broÔme to sunolikì sÔsthma h(t), pou eÐnai h
sunèlixh twn duo susthm�twn, kai eÐnai

h(t) = h1(t) ∗ h2(t) = δ
(
t− 3

2

)
∗
(
u(t)− u(t− 3)

)
= u

(
t− 3

2

)
− u
(
t− 3− 3

2

)
= u

(
t− 3

2

)
− u
(
t− 9

2

)
'Ara eÐnai san na pern�me thn eÐsodo x(t) apì to sÔsthma h(t). ParathroÔme ìti

x(t) = u
(
t+

1

2

)
− u
(
t− 1

2

)
= rect

( t
1

)
h(t) = u

(
t− 3

2

)
− u
(
t− 9

2

)
= rect

( t− 3

3

)
Oi peript¸seic faÐnontai sto sq ma 20, 21, 22. Kat� ta gnwst� loipìn, ja paÐxoume me to h(t),

(aþ) PerÐptwsh 1h (bþ) PerÐptwsh 2h

Sq ma 20: Peript¸seic 'Askhshc 6 - 1

(aþ) PerÐptwsh 3h (bþ) PerÐptwsh 4h

Sq ma 21: Peript¸seic 'Askhshc 6 - 2

Sq ma 22: Peript¸seic 'Askhshc 6 - 3

kai ja èqoume tic parak�tw peript¸seic:
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• y(t) = 0, t ≤ 1

• y(t) =
∫ t−3/2

−1/2
dτ = τ

∣∣∣t−3/2
−1/2

= t− 1, gia 1 < t ≤ 2.

• y(t) =
∫ 1/2

−1/2
dτ = τ

∣∣∣1/2
−1/2

= 1, gia 2 < t ≤ 4

• y(t) =
∫ 1/2

t−9/2
dτ = τ

∣∣∣1/2
t−9/2

= 5− t, gia 4 < t ≤ 5

• y(t) = 0, t > 5

'Ara sunolik� ja eÐnai

y(t) =


0, t < 1, t > 5
t− 1, 1 < t ≤ 2
1, 2 < t ≤ 4
5− t, 4 < t ≤ 5

(57)

To apotèlesma faÐnetai sto sq ma 23.

Sq ma 23: Apotèlesma 'Askhshc 6

Parat rhsh: MporoÔme na per�soume thn eÐsodo apì to h1(t), na broÔme thn èxodo y1(t), kai èpeita
na per�soume thn y1(t) apì to h2(t) kai na broÔme thn telik  èxodo y(t).

7. UpologÐste th sunèlixh twn shm�twn:

x[n] = δ[n]− 3δ[n− 1] + 2δ[n− 3], h[n] = −δ[n+ 1] + δ[n− 1] (58)

LÔsh:
Epeid  ta s mata apoteloÔntai apì lÐgec sunart seic dèlta, mporoÔme na efarmìsoume mia polÔ
qr simh idiìthta twn sunart sewn dèlta: δ[n− k] ∗ δ[n− l] = δ[n− k − l]
'Ara ja eÐnai:

x[n] ∗ h[n] = (δ[n]− 3δ[n− 1]] + 2δ[n− 3]) ∗ (−δ[n+ 1] + δ[n− 1])

= −δ[n+ 1] + δ[n− 1] + 3δ[n]− 3δ[n− 2]− 2δ[n− 2] + 2δ[n− 4]

= −δ[n+ 1] + 3δ[n] + δ[n− 1]− 5δ[n− 2] + 2δ[n− 4]

(59)
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8. UpologÐste th sunèlixh twn shm�twn:

x[n] = anu[n], |a| < 1

kai
h[n] = u[n− 2]

LÔsh:
Ed¸ den èqoume sunart seic dèlta (�sqeta an mporoÔme na ekfr�soume ta s mat� mac wc �jroisma
tètoiwn), �ra ja qrhsimopoi soume kajar� algebrikì trìpo gia th lÔsh. P�me me ton orismì:

1oc trìpoc:

y[n] =

+∞∑
k=−∞

x[k]h[n− k] =
+∞∑

k=−∞
aku[k]u[n− k − 2]

Prosoq , h metablht  mac eÐnai to k!!
Parathr ste to ginìmeno u[k]u[n− k − 2].
Xèroume ìti

u[k] =

{
1, k ≥ 0
0, k < 0

kai

u[n− k − 2] =

{
1, k ≤ n− 2
0, k > n− 2

opìte to ginìmeno

u[k]u[n− k − 2] =

{
1, 0 ≤ k ≤ n− 2
0, alloÔ

�ra h parap�nw sqèsh gÐnetai:

y[n] =
+∞∑

k=−∞
aku[k]u[n− k − 2] =

n−2∑
k=0

ak =
1− an−1

1− a
, gia n ≥ 2

Profan¸c gia n < 2 h èxodoc eÐnai mhdèn.

2oc trìpoc:

y[n] =
+∞∑

k=−∞
h[k]x[n− k] =

+∞∑
k=−∞

u[k − 2]an−ku[n− k]

Parathr ste to ginìmeno u[k − 2]u[n− k].
Xèroume ìti

u[k − 2] =

{
1, k ≥ 2
0, alloÔ

kai

u[n− k] =
{

1, k ≤ n
0, alloÔ

opìte to ginìmeno

u[k − 2]u[n− k] =
{

1, 2 ≤ k ≤ n
0, alloÔ
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�ra h parap�nw sqèsh gÐnetai:

y[n] =
+∞∑

k=−∞
u[k − 2]an−ku[n− k]

=
n∑
k=2

an−k = an
n∑
k=2

(a−1)k

=
an−2 − a−1

1− a−1
=
an−1 − 1

a− 1
, gia n ≥ 2

kai
y[n] = 0, gia n < 2

pou eÐnai to Ðdio apotèlesma me ton 1o trìpo.
'Ara telik�:

y[n] =

 1− an−1

1− a
, n ≥ 2

0, n < 2

ShmeÐwsh:
Sta parap�nw mac f�nhke qr simh h sqèsh:

N2∑
k=N1

ak =
aN1 − aN2+1

1− a
, gia N2 ≥ N1 (60)

9. UpologÐste th sunèlixh twn shm�twn

x[n] = a|n|, |a| < 1

kai
h[n] = u[n−N] (61)

LÔsh:
1oc trìpoc:
'Eqoume

y[n] =
+∞∑

k=−∞
x[k]h[n− k] =

+∞∑
k=−∞

a|k|u[n− k −N ]

H u[n− k −N ] = 1 ìtan n− k −N ≥ 0⇒ k ≤ n−N , opìte to parap�nw �jroisma gr�fetai

y[n] =
+∞∑

k=−∞
a|k|u[n− k −N ] =

n−N∑
k=−∞

a|k|

Ed¸ diakrÐnoume duo peript¸seic:
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• PerÐptwsh 1: EÐnai n−N < 0.
Tìte

y[n] =
n−N∑
k=−∞

a|k| =
+∞∑

k=N−n
ak

=
+∞∑
k=0

ak −
N−n−1∑
k=0

ak

=
1

1− a
− 1− aN−n−1+1

1− a
=
aN−n

1− a

• PerÐptwsh 2: EÐnai n−N ≥ 0.
Tìte

y[n] =

n−N∑
k=−∞

a|k| =

−1∑
k=−∞

a−k +

n−N∑
k=0

ak =

+∞∑
k=1

ak +

n−N∑
k=0

ak

=

+∞∑
k=0

ak − a0 +
n−N∑
k=0

ak =
1

1− a
− 1 +

1− an−N+1

1− a

=
a

1− a
+

1− an−N+1

1− a
=

1 + a− an−N+1

1− a

'Ara telik�:

y[n] =


aN−n

1− a
, n < N

1 + a− an−N+1

1− a
, n ≥ N

2oc trìpoc:
To s ma x[n] = a|n| mporeÐ na grafeÐ wc x[n] = a−nu[−n− 1] + anu[n].
'Etsi ja èqoume

y[n] =

+∞∑
k=−∞

x[k]h[n− k] =
+∞∑

k=−∞
(a−ku[−k − 1] + aku[k])u[n− k −N ]

=

+∞∑
k=−∞

(a−ku[−k − 1])u[n− k −N ] +

+∞∑
k=−∞

(aku[k])u[n− k −N ] = y1[n] + y2[n].

Ac doÔme pwc sumperifèrontai oi bhmatikèc pou èqoume ed¸. 'Opwc deÐxame parap�nw,

u[n− k −N ] = 1, k ≤ n−N

EpÐshc,
u[−k − 1] = 1, k ≤ −1

kai profan¸c
u[k] = 1, k ≥ 0
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Ac doÔme touc ìrouc tou y[n] ènan-ènan, xeqwrist�. O pr¸toc ìroc, y1[n], gr�fetai:

y1[n] =
+∞∑

k=−∞
a−ku[−k − 1]u[n− k −N ]

Gia to ginìmeno twn bhmatik¸n pou èqoume ed¸, sÔmfwna me ta parap�nw, ja eÐnai

u[−k − 1]u[n− k −N ] = 1

ìtan
k ≤ −1, k ≤ n−N

Ed¸ diakrÐnoume duo peript¸seic:

• PerÐptwsh 1: EÐnai n−N ≤ −1.

Tìte y1[n] =
n−N∑
k=−∞

a−k =
+∞∑

k=N−n
ak =

+∞∑
k=0

ak −
N−n−1∑
k=0

ak =
1

1− a
− 1− aN−n

1− a
=
aN−n

1− a
.

• PerÐptwsh 2: EÐnai n−N > −1.

Tìte y1[n] =
−1∑

k=−∞
a−k =

+∞∑
k=1

ak =

+∞∑
k=0

ak − a0 = 1

1− a
− 1 =

a

1− a
.

'Ara

y1[n] =


aN−n

1− a
, n ≤ N − 1

a

1− a
, n > N − 1

⇒


aN−n

1− a
, n < N

a

1− a
, n ≥ N

O deÔteroc ìroc, y2[n], gr�fetai:

y2[n] =

+∞∑
k=−∞

aku[k]u[n− k −N ] =
n−N∑
k=0

ak

Gia to ginìmeno twn bhmatik¸n pou èqoume ed¸, ja eÐnai

u[k]u[n− k −N ] = 1

ìtan
k ≥ 0, k ≤ n−N

Ki ed¸ diakrÐnoume duo peript¸seic:

• PerÐptwsh 1: EÐnai n−N < 0.
Tìte y2[n] = 0, giatÐ u[k]u[n− k −N ] = 0, an n−N < 0.
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• PerÐptwsh 2: EÐnai n−N ≥ 0.

Tìte y2[n] =
n−N∑
k=0

ak =
1− an−N+1

1− a
.

'Ara

y2[n] =

 0, n < N
1− an−N+1

1− a
, n ≥ N

Opìte telik� (oufffff...) ja eÐnai:

y[n] = y1[n] + y2[n] =


aN−n

1− a
, n < N

1 + a− an−N+1

1− a
, n ≥ N

pou eÐnai to Ðdio apotèlesma me ton 1o trìpo.

10. DÐnetai to parak�tw sÔsthma: me h1[n] = δ[n] +
1

2
δ[n− 1], h2[n] =

1
2δ[n]−

1
4δ[n− 1], h3[n] = 2δ[n], h4[n] = −2(12)

nu[n].

BreÐte thn èxodo y[n] wc sun�rthsh tou x[n].

LÔsh:
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EÐnai

h[n] = h1[n] + h2[n] ∗ (h3[n] + h4[n])

= δ[n] +
1

2
δ[n− 1] + (

1

2
δ[n]− 1

4
δ[n− 1]) ∗ (2δ[n]− 2(

1

2
)nu[n])

= 2δ[n] +
1

2
(
1

2
)nu[n− 1]− (

1

2
)nu[n]

= 2δ[n] + (
1

2
)nu[n− 1]− (

1

2
)nu[n]

= 2δ[n]− (
1

2
)n(u[n]− u[n− 1])

= 2δ[n]− (
1

2
)nδ[n] = 2δ[n]− δ[n]

= δ[n] (62)

'Ara y[n] = h[n] ∗ x[n] = δ[n] ∗ x[n] = x[n], dhl. to sÔsthma af nei analloÐwth thn eÐsodo.
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