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1. 'Estw to parak�tw periodikì me perÐodo T0 s ma x(t) (gnwstì kai wc periodikì,
mikrì spÐti sto lib�di) tou Sq matoc 1.

Sq ma 1: Periodikì mikro spÐti sto lib�di

(aþ) UpologÐste to metasq. Fourier, XT0(ω) gia th basik  perÐodo tou s matoc.

(bþ) BreÐte th Seir� Fourier gia to periodikì s ma tou Sq matoc 1.

(gþ) 'Estw to s ma y(t)←→ Y(ω) ìpwc faÐnetai sto Sq ma 2, kai èstw Z(ω) = ωY(ω).
BreÐte to z(t).

Sq ma 2: Mh periodikì s ma
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(dþ) UpologÐste ta

i. Y(0)

ii.

∫ ∞
−∞

Y(ω)dω

iii.

∫ ∞
−∞
|Y(ω)|2dω

(eþ) 'Estw to s ma eisìdou

w(t) = 2 cos(50πt)− cos(60πt)− 1

2
sin(80πt + π/2)

i. BreÐte thn el�qisth suqnìthta deigmatolhyÐac, Ωs, gia thn an�kthsh
tou analogikoÔ s matoc apì ta deÐgmat� tou.

ii. Gia thn parap�nw suqnìthta, breÐte to s ma diakritoÔ qrìnou, w[n] = w( 2π
Ωs

n).

LÔsh:

(aþ) H basik  perÐodoc T0 tou s matoc eÐnai profan¸c T0 = 8. Ac epilèxoume thn perÐodo apì 0
wc 8. To s ma autì mporeÐ na suntejeÐ apì k�poia basik�, gnwst� mac s mata (tetragwnikìc
kai trigwnikìc palmìc, kai sun�rthsh Dèlta). Ara

xT0(t) = rect
( t− 3

2

)
+ tri

( t− 3

1

)
+ 2δ(t− 6)

O metasq. Fourier dÐnetai eÔkola apì gnwsta mac zeÔgh:

XT0(ω) = 2sinc
(2ω

2π

)
e−j3ω + sinc2

( ω
2π

)
e−j3ω + 2e−j6ω

= 2sinc
(ω
π

)
e−j3ω + sinc2

( ω
2π

)
e−j3ω + 2e−j6ω

= e−j3ω
(

2sinc
(ω
π

)
+ sinc2

( ω
2π

)
+ 2e−j3ω

)
(1)

(bþ) 'Eqoume dei ìti �llo èna ergaleÐo upologismoÔ twn seir¸n Fourier, eÐnai mèsw tou metasqhma-
tismoÔ Fourier. UpologÐzoume to metasq. Fourier MIAS periìdou tou s matoc, kai met� ton
deigmatolhptoÔme an� akèraia pollapl�sia tou 2π

T0
, dhl. tou ω0. Me �lla lìgia, mporoÔme apì

to f�sma tou metasq. Fourier, na broÔme touc suntelestèc Fourier gia opoiad pote perÐodo
tou antÐstoiqou periodikoÔ s matoc! Autì pou sumbaÐnei eÐnai ìti apl� deigmatolhptoÔme se
diaforetikèc apost�seic to f�sma tou metasqhmatismoÔ Fourier. 'Ara ja èqoume ìti

X[k] =
1

T0
XT0(ω)

∣∣∣
ω= 2πk

T0

=
1

T0
e−j3ω

(
2sinc

(ω
π

)
+ sinc2

( ω
2π

)
+ 2e−j3ω

)∣∣∣
ω= 2πk

T0
= kπ

4

=
1

T0
e−j3kπ/4

(
2sinc

(kπ/4
π

)
+ sinc2

(kπ/4
2π

)
+ 2e−j3kπ/4

)

=
1

8
e−j3kπ/4

(
2sinc

(k
4

)
+ sinc2

(k
8

)
+ 2e−j3kπ/4

)
(2)

(gþ) 'Eqoume

Z(ω) = ωY (ω)⇐⇒ jZ(ω) = jωY (ω)←→ jz(t) =
d

dt
y(t)⇐⇒ z(t) = −j d

dt
y(t) (3)
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'Ara to z(t) den eÐnai �llo apì thn par�gwgo tou y(t), pollaplasiasmènh me −j. To y(t)
profan¸c perigr�fetai wc

y(t) =

{ A

T
t, −T ≤ t ≤ T

0, alloÔ

kai �ra, dedomènou ìti èqoume asunèqeiec sta �kra tou s matoc, ja eÐnai

d

dt
y(t) = −Aδ(t+ T ) +

A

T
rect

( t

2T

)
−Aδ(t− T )

kai telik�

z(t) = −j d
dt
y(t) = jA

(
δ(t+ T )− 1

T
rect

( t

2T

)
+ δ(t− T )

)
(4)

(dþ) Ja eÐnai

i.

Y (0) =

∫ ∞
−∞

y(t)e−jωtdt
∣∣∣
ω=0

=

∫ ∞
−∞

y(t)dt =

∫ T

−T

A

T
tdt =

A

T

t2

2

∣∣∣T
−T

= 0 (5)

ii. ∫ ∞
−∞

Y (ω)dω =

∫ ∞
−∞

Y (ω)ejωtdω
∣∣∣
t=0

= 2πy(t)
∣∣∣
t=0

= 2πy(0) = 0 (6)

iii. ∫ ∞
−∞
|Y (ω)|2dω = 2π

∫ ∞
−∞
|y(t)|2dt = 2π

∫ T

−T

(A
T

)2
t2dt = 2π

(A
T

)2 t3
3

∣∣∣T
−T

= 2π
(A
T

)2 2T 3

3
= 2π

2A2T 3

3T 2
=

4πA2T

3
(7)

(eþ) Ja èqoume:

i. h el�qisth suqnìthta deigmatolhyÐac isoÔtai me Ωs = 2Ωmax, ìpou Ωmax h mègisth su-
qnìthta tou s matoc. H mègisth suqnìthta tou s matoc eÐnai h Ωs = 80π. 'Ara h el�qisth
suqnìthta deigmatolhyÐac eÐnai Ðsh me

Ωs = 160π (8)

ii. To s ma diakritoÔ qrìnou isoÔtai me

w[n] = w(nTs) = w
(2π

Ωs
n
)

= w
( 1

80
n
)

= 2 cos
(

50π
1

80
n
)
− cos

(
60π

1

80
n
)
− 1

2
sin
(

120π
1

80
n+ π/2

)
= 2 cos

(5π

8
n
)
− cos

(3π

4
n
)
− 1

2
sin
(3π

2
n+ π/2

)
(9)

pou eÐnai kai to zhtoÔmeno.
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2. 'Estw to eustajèc sÔsthma, H(s), tou Sq matoc 3, ìpou

Sq ma 3: SÔsthma

H1(s) =
1

(s− 1)(s− 2)
, H2(s) =

s

s + 2
, H3(s) =

s− 1

s + 1

(aþ) BreÐte to sunolikì susthma H(s) kai to pedÐo sÔgklis c tou, RH.

(bþ) Breite thn kroustik  apìkrish tou sunolikoÔ sust matoc, h(t).

(gþ) Exet�ste, qwrÐc gn¸sh tou sunolikoÔ sust matoc, pìte ta sust mata
Hi(s) eÐnai eustaj , aitiata, kai antistrèyima.

(dþ) Breite tic epimèrouc kroustikèc apokrÐseic twn susthm�twn hi(t) , èqontac
gn¸sh thc eust�jeiac tou sunolikoÔ sust matoc.

(eþ) Gr�yte to H(s) wc ginìmeno duo susthm�twn: enìc sust matoc El�qisthc
F�shc Hmin(s), kai enìc sust matoc All-pass, Hap(s).

(�þ) UpologÐste to metasq. Fourier tou sunolikoÔ sust matoc, H(ω), kai deÐxte
ìti H(ω) ≤ 1

2 .

(zþ) UpologÐste kai sqedi�ste thn apìkrish pl�touc, |H3(ω)|, tou sust matoc
H3(s).

LÔsh:

(aþ) To sunolikì sÔsthma ja eÐnai

H(s) = H1(s)
(
H2(s)−H3(s)

)
=

1

(s− 1)(s− 2)

( s

s+ 2
− s− 1

s+ 1

)
=

1

(s− 1)(s− 2)

s(s+ 1)− (s− 1)(s+ 2)

(s+ 2)(s+ 1)

=
1

(s− 1)(s− 2)

s2 + s− (s2 − s+ 2s− 2)

(s+ 1)(s+ 2)

=
1

(s− 1)(s− 2)

2

(s+ 1)(s+ 2)

=
2

(s− 1)(s+ 1)(s− 2)(s+ 2)
(10)
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kai epeid  to sunolikì sÔsthma eÐnai eustajèc, to pedÐo sÔgklishc ja eÐnai to

RH = {−1 < <{s} < 1} (11)

(bþ) To sunolikì sÔsthma H(s) mporeÐ na grafteÐ wc

H(s) =
2

(s− 1)(s+ 1)(s− 2)(s+ 2)
=

A

s− 1
+

B

s+ 1
+

C

s− 2
+

D

s+ 2

me

A = H(s)(s− 1)|s=1 =
2

(s+ 1)(s− 2)(s+ 2)
|s=1 = −1

3

B = H(s)(s+ 1)|s=−1 =
2

(s− 1)(s− 2)(s+ 2)
|s=−1 =

1

3

C = H(s)(s− 2)|s=2 =
2

(s− 1)(s+ 1)(s+ 2)
|s=2 =

1

6

D = H(s)(s+ 2)|s=−2 =
2

(s− 1)(s+ 1)(s− 2)
|s=−2 = −1

6

kai �ra

H(s) = −1

3

1

s− 1
+

1

3

1

s+ 1
+

1

6

1

s− 2
− 1

6

1

s+ 2

kai epeid  to pedÐo sÔgklishc RH mporeÐ na grafeÐ wc

RH = {−1 < <{s} < 1} = {<{s} > −2} ∩ {<{s} > −1} ∩ {<{s} < 1} ∩ {<{s} < 2}

ja èqoume

H(s)←→ h(t) =
1

3
etu(−t) +

1

3
e−tu(t)− 1

6
e2tu(−t)− 1

6
e−2tu(t)

=
(1

3
et − 1

6
e2t
)
u(−t) +

(1

3
e−t − 1

6
e−2t

)
u(t) (12)

(gþ) Gia to H1(s) =
1

(s− 1)(s− 2)
, blèpoume oti èqei pìlouc stic jèseic p = 1, 2, �ra gia na eÐnai

eustajèc, prèpei na isqÔei <{s} < 1. Gia na einai aitiatì, prèpei <{s} > 2. To antÐstrofì
tou eÐnai to

H inv
1 (s) = (s− 1)(s− 2) (13)

to opoÐo eÐnai eustajèc kai aitiatì se olo to s−epÐpedo.
Gia to H2(s) =

s

s+ 2
, blèpoume ìti èqei pìlouc sth jèsh s = −2, kai �ra eÐnai eustajèc ìtan

<{s} > −2, kai to Ðdio prèpei na isqÔei gia na eÐnai kai aitiatì. To antÐstrofì tou eÐnai to

H inv
2 (s) =

s+ 2

s
(14)

to opoÐo èqei duo dunat� pedÐa sÔgklishc, <{s} > 0 kai <{s} < 0. Prosèxte, se perÐptwsh pou
toH2(s) èqei pedÐo sÔgklishc RH2 = {<{s} < −2}, eÐnai dhlad  astajèc kai anti-aitiatì, tìte
orÐzetai antÐstrofo sÔsthma mìnon ìtan autì èqei pedÐo sÔgklishc to RHinv

2
= {<{s} < 0},

giati se antÐjeth perÐptwsh den up�rqei epik�luyh me to pedÐo sÔgklishc tou H2(s).
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Gia to H3(s) =
s− 1

s+ 1
, blèpoume ìti èqei ènan pìlo sth jèsh s = −1, �ra gia na eÐnai eustajèc

prèpei na isquei <{s} > −1, en¸ to Ðdio prèpei na isqÔei kai gia aitiatìthta. To antÐstrofì
tou eÐnai to

H inv
3 (s) =

s+ 1

s− 1
(15)

to opoÐo èqei duo dunat� pedÐa sÔgklishc, <{s} > 1 kai <{s} < 1. Ki ed¸ prosèxte, ìpwc
kai prin, se perÐptwsh pou to H3(s) èqei pedÐo sÔgklishc RH3 = {<{s} < −1}, eÐnai dhlad 
astajèc kai anti-aitiatì, tìte orÐzetai antÐstrofo sÔsthma mìnon ìtan autì èqei pedÐo sÔgkli-
shc to RHinv

3
= {<{s} < 1}, giati se antÐjeth perÐptwsh den up�rqei epik�luyh me to pedÐo

sÔgklishc tou H3(s).

(dþ) Dedomènou ìti to sunolikì sÔsthma eÐnai eustajèc, kai ìti prokÔptei apì tomèc twn epimèrouc
susthm�twn, ta epimèrouc sust mata prèpei na eÐnai eustaj . 'Ara ta pedia sÔgklishc ja einai

RH1 = {<{s} < 1}, RH2 = {<{s} > −2}, kai RH3 = {<{s} > −1} (16)

'Ara ja eÐnai

H1(s) =
1

(s− 1)(s− 2)
, <{s} < 1←→ h1(t) = L−1

{ −1

s− 1
+

1

s− 2

}
= etu(−t)− e2tu(−t) (17)

H2(s) =
s

s+ 2
, <{s} < −2←→ h2(t) = L−1

{
s

1

s+ 2

}
=

d

dt
e2tu(−t)

= 2e2tu(−t)− δ(t) (18)

H3(s) =
s− 1

s+ 1
, <{s} > −1←→ h3(t) = L−1

{s− 1

s+ 1

}
= L−1

{
s

1

s+ 1
− 1

s+ 1

}
=

( d
dt
e−tu(t)

)
− e−tu(t)

= δ(t)− e−tu(t)− e−tu(t)

= δ(t)− 2e−tu(t) (19)

(eþ) UpenjumÐzetai oti to H(s) eÐnai to

H(s) =
2

(s− 1)(s+ 1)(s− 2)(s+ 2)

Blèpoume ìti èqei pìlouc stic jèseic p = ±1,±2. To sÔsthma El�qisthc F�shc ja p�rei
touc pìlouc pou brÐskontai sto aristerì hmiepÐpedo, �ra ja eÐnai

Hmin(s) =
2

(s+ 1)(s+ 2)

en¸ to sÔsthma All-pass ja p�rei touc enapomeÐnantec pìlouc. 'Omwc, epeid  ta All-pass
sust mata èqoun Ðdio arijmì pìlwn kai mhdenik¸n, kai m�lista eÐnai summetrikoÐ wc proc ton
�xona jω, to All-pass sÔsthma ja eÐnai thc morf c

Hap(s) =
(s+ 1)(s+ 2)

(s− 1)(s− 2)
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'Omwc prèpei ta duo mhdenik� tou All-pass sust matoc sto z = −1,−2 na akurwjoÔn apì to
sÔsthma El�qisthc F�shc (b�zontac duo pìlouc ekeÐ), ¸ste to ginìmeno Hmin(s)Hap(s) na
mac dÐnei to H(s). 'Ara telik�

Hmin(s) =
2

(s+ 1)2(s+ 2)2
(20)

kai

Hap(s) =
(s+ 1)(s+ 2)

(s− 1)(s− 2)
(21)

kai ètsi, pr�gmati,

H(s) = Hmin(s)Hap(s) =
2

(s+ 1)2(s+ 2)2
(s+ 1)(s+ 2)

(s− 1)(s− 2)
=

2

(s− 1)(s+ 1)(s− 2)(s+ 2)

(�þ) Epeid  to sunolikì sÔsthma eÐnai eustajèc, tìte o metasq. Fourier upologÐzetai mèsw tou
metasq. Laplace wc

H(ω) = H(s = σ + jω)|σ=0

=
2

(s− 1)(s+ 1)(s− 2)(s+ 2)

∣∣∣
s=jω

=
2

(jω − 1)(jω + 1)(jω − 2)(jω + 2)

=
2

(−|jω + 1|2)(−|jω + 2|2)

=
2

(−(ω2 + 1))(−(ω2 + 4))

=
2

(ω2 + 1)(ω2 + 4)
≤ 2

(0 + 1)(0 + 4)
=

1

2
(22)

kai �ra

H(ω) ≤ 1

2
(23)

(zþ) Blèpoume ìti to H3(s) èqei ènan pìlo sth jèsh p = −1 kai èna mhdenikì sth jèsh z = 1, dhl.
eÐnai se summetrikèc jèseic wc proc ton katakìrufo �xona. 'Ara to sÔsthma autì eÐnai èna All-
pass sÔsthma, kai �ra h apìkrish pl�touc ja eÐnai monadiaÐa, |H3(ω)| = 1, ∀ω. Enallaktik�,

|H(ω)| = |jω − 1|
|jω + 1|

=

√
ω2 + 1√
ω2 + 1

= 1 (24)

pou apodeiknÔei to zhtoÔmeno.
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3. 'Estw oti èna sÔsthma H(s) perigr�fetai apì th diaforik  exÐswsh

d2

dt2
y(t)− d

dt
y(t)− 2y(t) = x(t)

(aþ) UpologÐste thn kroustik  apìkrish h(t) tou sust matoc ìtan oi arqikèc
sunj kec eÐnai mhdenikèc kai

i. to sÔsthma eÐnai eustajèc

ii. to sÔsthma eÐnai aitiatì

(bþ) BreÐte thn èxodo, y(t), tou eustajoÔc sust matoc, H(s), ìtan h eÐsodoc eÐnai
thc morf c x(t) = e−2tu(t).

(gþ) BreÐte to antÐstrofo sÔsthma, Hinv(s).

LÔsh:

(aþ) Ja einai

d2

dt2
y(t)− d

dt
y(t)− 2y(t) = x(t)←→

s2Y (s)− sy(0−)− y′(0−)− sY (s) + y(0−)− 2Y (s) = X(s)

Y (s)(s2 − s− 2) = X(s)

H(s) =
1

s2 − s− 2

kai

H(s) =
1

s2 − s− 2
=

A

s− 2
+

B

s+ 1
me

A = H(s)(s− 2)
∣∣∣
s=2

=
1

s+ 1

∣∣∣
s=2

=
1

3

B = H(s)(s+ 1)
∣∣∣
s=−1

=
1

s− 2

∣∣∣
s=−1

= −1

3

kai �ra:

i. An to susthma eÐnai eustajèc, tìte to pedio sÔgklishc ja eÐnai to

RH = {−1 < <{s} < 2} = {<{s} > −1} ∩ {<{s} < 2} (25)

'Ara

Hstable(s) =
A

s− 2
+

B

s+ 1
=

1

3

1

s− 2
− 1

3

1

s+ 1
←→

hstable(t) = −1

3
e2tu(−t)− 1

3
e−tu(t) (26)

ii. An to sÔsthma eÐnai aitiatì, tìte to pedÐo sÔgklishc ja eÐnai to <{s} > 2. 'Ara

Hcausal(s) =
A

s− 2
+

B

s+ 1
=

1

3

1

s− 2
− 1

3

1

s+ 1
←→

hcausal(t) =
1

3
e2tu(t)− 1

3
e−tu(t) (27)
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(bþ) H èxodoc ja einai thc morfhc

Y (s) = H(s)X(s) =
1

(s− 2)(s+ 1)
X(s) =

1

(s− 2)(s+ 1)

1

(s+ 2)
=

A

s− 2
+

B

s+ 1
+

C

s+ 2

me

A = Y (s)(s− 2)
∣∣∣
s=2

=
1

(s+ 1(s+ 2))

∣∣∣
s=2

=
1

12

B = Y (s)(s+ 1)
∣∣∣
s=−1

=
1

(s− 2)(s+ 2)

∣∣∣
s=−1

= −1

3

C = Y (s)(s+ 2)
∣∣∣
s=−2

=
1

(s− 2)(s+ 1)

∣∣∣
s=−2

=
1

4

kai �ra

Y (s) =
1

12

1

s− 2
− 1

3

1

s+ 1
+

1

4

1

s+ 2

Epeid  to sÔsthma èqei pedÐo sÔgklishc

RH = {−1 < <{s} < 2}

kai h eÐsodoc
RX = {<{s} > −2}

h èxodoc ja èqei pedÐo sÔgklishc

RY = {−1 < <{s} < 2} = {<{s} > −1} ∩ {<{s} < 2} ∩ {<{s} > −2} (28)

'Ara

Y (s) =
1

12

1

s− 2
− 1

3

1

s+ 1
+

1

4

1

s+ 2
←→

y(t) = − 1

12
e2tu(−t)− 1

3
e−tu(t) +

1

4
e−2tu(t) (29)

(gþ) To antÐstrofo sÔsthma tou H(s) ja eÐnai to

Hinv(s) =
1

H(s)
= s2 − s− 2 = (s− 2)(s+ 1) (30)

kai èqei wc pedÐo sÔgklishc ìlo to migadikì epÐpedo.
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4. To kèntro barÔthtac, C, enìc s matoc, x(t), orÐzetai wc

C =

∫ ∞
−∞

tx(t)dt∫ ∞
−∞

x(t)dt

(aþ) BreÐte mia èkfrash gia to C wc sun�rthsh tou metasq. Fourier, X(ω), tou
s matoc x(t).

(bþ) UpologÐste to C gia to s ma pou èqei pragmatikì kai fantastikì mèroc
metasq. Fourier ìpwc sto Sq ma 4.

Sq ma 4: Pragmatikì kai Fantastikì mèroc tou Metasq. Fourier

(gþ) UpologÐste to kèntro barÔthtac Cx tou s matoc x(t) = e−2tu(t). 'Estw oti
to s ma autì pern�ei apì to sÔsthma me kroustik  apìkrish h(t) = 2δ(t− 1)
kai par�getai h èxodoc y(t). BreÐte to kèntro barÔthtac thc exìdou, Cy.

LÔsh:

(aþ) ParathroÔme ìti ∫ ∞
−∞

tx(t)dt =

∫ ∞
−∞

tx(t)e−jωtdt
∣∣∣
ω=0

= F{tx(t)}
∣∣∣
ω=0

Apì touc pÐnakec tou metasq. Fourier, brÐskoume ìti

tx(t)←→ j
d

dω
X(ω)

kai �ra ∫ ∞
−∞

tx(t)dt = j
d

dω
X(ω)

∣∣∣
ω=0

EpÐshc, ∫ ∞
−∞

x(t)dt =

∫ ∞
−∞

x(t)e−jωtdt
∣∣∣
ω=0

= X(0)

'Ara telik�

C =
j d
dωX(ω)

∣∣∣
ω=0

X(0)
(31)
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(bþ) Profan¸c
X(ω) = XR(ω) + jXI(ω) = <{X(ω)}+ j={X(ω)}

'Ara, apì to Sq ma 4, eÐnai

X(0) = XR(0) + jXI(0) = 1 + j0 = 1

kai

j
d

dω
X(ω) = j

d

dω
(XR(ω) + jXI(ω)) = j

d

dω
XR(ω)− d

dω
XI(ω)

An paragwgÐsoume ta graf mata kai upologÐsoume to parap�nw gia ω = 0, ja èqoume

j
d

dω
X(ω)

∣∣∣
ω=0

= j
d

dω
XR(ω)

∣∣∣
ω=0
− d

dω
XI(ω)

∣∣∣
ω=0

= 0−
(
− 2

π

)
=

2

π

Opìte h tim  tou C gia to en lìgw s ma, to kèntro b�rouc tou èqei tim 

C =
2
π

1
=

2

π
(32)

(gþ) EÐnai

x(t) = e−2tu(t)←→ X(ω) =
1

2 + jω
kai

d

dω
X(ω) =

d

dω

1

2 + jω
=
−(2 + jω)′

(2 + jω)2
=

−j
(2 + jω)2

kai

X(0) =
1

2 + jω

∣∣∣
ω=0

=
1

2

'Ara

Cx =
j d
dωX(ω)

∣∣∣
ω=0

X(0)
=
j −j
(2+jω)2

∣∣∣
ω=0

1
2

=
1
4
1
2

=
1

2
(33)

EpÐshc,
h(t) = 2δ(t− 1)←→ H(ω) = 2e−jω

'Eqoume ìti

Y (ω) = H(ω)X(ω) =
2

2 + jω
e−jω

kai ètsi

d

dω
Y (ω) =

d

dω

2

2 + jω
e−jω =

(2e−jω)′(2 + jω)− (2 + jω)′2e−jω

(2 + jω)2

=
−2je−jω(2 + jω)− 2je−jω

(2 + jω)2
=

(2 + jω) + 1

(2 + jω)2
(−2je−jω)

kai �ra

j
d

dω
Y (ω)

∣∣∣
ω=0

= j
(2 + jω) + 1

(2 + jω)2
(−2je−jω)

∣∣∣
ω=0

=
(2 + jω) + 1

(2 + jω)2
(2e−jω)

∣∣∣
ω=0

=
3

2

kai

Y (0) =
2

2 + j0
e0 = 1

kai telik�

Cy =
j d
dωY (ω)

∣∣∣
ω=0

Y (0)
=

3

2
(34)
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5. Na brejeÐ h el�qisth suqnìthta deigmatolhyÐac gia to s ma

x(t) = sinc
(at

π

)
LÔsh:
GnwrÐzoume ìti

Arect
( t
T

)
←→ ATsinc

(ωT
2π

)
EpÐshc gnwrÐzoume apì thn idiìthta thc duikìthtac ìti

x(t)←→ X(ω) tìte X(t)←→ 2πx(−ω)

Efarmìzontac aut  th sqèsh, ja èqoume:

Tsinc
( tT

2π

)
←→ 2πrect

(−ω
T

)
sinc

( tT
2π

)
←→ 2π

T
rect

(−ω
T

)
Blèpoume ìti gia a = T

2 èqoume th sqèsh thc ekf¸nhshc, �ra

sinc
(at
π

)
←→ π

a
rect

(−ω
2a

)
=
π

a
rect

( ω
2a

)
afoÔ h sun�rthsh rect() eÐnai �rtia. Profan¸c to parap�nw rect() orÐzetai sth suqnìthta sto
[−a, a], opìte h mègisth suqnìtht� tou eÐnai h ωmax = a. Opìte h el�qisth suqnìthta deigmatolh-
yÐac gia thn pl rh anapar�stash tou s matoc apì ta deÐgmat� tou eÐnai h

ωs = 2ωmax = 2a (35)

pou einai kai to zhtoÔmeno.

6. 'Estw èna GQA sÔsthma me kroustik  apìkrish h(t) = 2e−tu(t) kai sthn eÐsodì
tou emfanÐzetai to s ma x(t) = 4 cos(t + π/2). BreÐte thn èxodo y(t). Ti parathreÐ-
te?

LÔsh:
H eÐsodoc gr�fetai

x(t) = 4 cos(t+ π/2) = 2ejtejπ/2 + 2e−jte−jπ/2

Ja eÐnai, wc gnwstìn

h(t) = 2e−tu(t)←→ H(ω) =
2

1 + jω

'Ara to pl�toc ja eÐnai

|H(ω)| = 2

|1 + jω|
=

2√
1 + ω2

en¸ gia th f�sh ja èqoume

H(ω) =
2

1 + jω
=

2(1− jω)

|1 + jω|2
=

2

1 + ω2
− j 2ω

1 + ω2
= <{H(ω)}+ j={H(ω)}
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'Ara to sÔsthma gr�fetai wc

H(ω) = |H(ω)|ej tan
−1 ={H(ω)}
<{H(ω)}

kai �ra h f�sh ja einai

φ(ω) = tan−1
={H(ω)}
<{H(ω)}

= tan−1

(
− 2ω

1+ω2

2
1+ω2

)
= tan−1

(
− ω

1

)
= − tan−1(ω)

H èxodoc ja eÐnai profan¸c h sunèlixh thc eisìdou, x(t), me to sÔsthma, h(t). 'Omwc h eÐsodoc
eÐnai thc morfhc

x(t) = 4 cos(t+ π/2) = 2ejtejπ/2 + 2e−jte−jπ/2

Gnwrizoume ìti oi migadikèc ekjetikèc sunart seic apoteloÔn idiosunart seic tou sust matoc, kai
ètsi, dedomènou ìti to sÔsthma eÐnai pragmatikì s ma, h èxodoc y(t) dÐnetai apì th sqèsh:

y(t) = 2H(1)ejtejπ/2 + 2H(−1)e−jte−jπ/2

= 2H(1)ejtejπ/2 + 2H∗(1)e−jte−jπ/2

= |H(1)|ejφ(1)ejtejπ/2 + |H(1)|e−jφ(1)e−jte−jπ/2

= 2|H(1)|ej(t+π/2+φ(1)) + 2|H(1)|e−j(t+π/2+φ(1))

= 4|H(1)| cos(t+ π/2− π/4)

=
8√
2

cos(t+ π/4) (36)

ParathroÔme ìti h èxodoc einai p�li hmitonoeid c morf , opwc h eÐsodoc, kai èqei ephreasteÐ apì
to sÔsthma tìso sto pl�toc thc (pl�toc eisìdou 4, pl�toc exìdou 4|H(1)|), ìso kai sth f�sh thc
(f�sh eisìdou π/2, f�sh exìdou π/2 + φ(4) = π/2− π/4 = π/4).

Genikìtera, mporoÔme na parathr soume kai na qrhsimopoioÔme ètoimo oti:

An h eÐsodoc enìc GQA sust matoc einai thc morf c x(t) = A cos(ω0t + θ),
tìte h èxodoc ja eÐnai thc morf c

y(t) = A|H(ω0)| cos(ω0t + θ + φ(ω0)),
ìpou H(ω) = |H(ω)|ejφ(ω) h apìkrish se suqnìthta tou sust matoc.

Profan¸c to parap�nw mporei na genikeuteÐ gia ajroisma hmitìnwn wc:

An h eÐsodoc enìc GQA sust matoc einai thc morf c x(t) =
N∑

k=1

Ak cos(ωkt + θk),

tìte h èxodoc ja eÐnai thc morf c

y(t) =
N∑

k=1

Ak|H(ωk)| cos(ωkt + θk + φ(ωk)),

ìpou H(ω) = |H(ω)|ejφ(ω) h apìkrish se suqnìthta tou sust matoc.
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