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LÔseic 3hc seir�c ask sewn

1. Seir� Fourier kai Metasqhmatismìc Fourier

(aþ) EÐnai

X0 =
1

T0

∫ 1
2

− 1
2

1dt =
t

T0

] 1
2

− 1
2

=
1

T0
−→ X0 =

1

2
,
1

4
,
1

8
,

1

16
.

'Oso h perÐodoc megal¸nei, toso o suntelest c X0 mikraÐnei. EÐnai logikì, giatÐ to X0 eÐnai to

embadì tou s matoc epÐ 1/T0, opìte oso to 1/T0 mikraÐnei, tìso to X0 mikrainei, giati to embadì

tou s matoc

∫ T0

0
x(t)dt einai p�nta stajerì.

(bþ) 'Eqoume

Xk =
1

T0

∫ 1
2

− 1
2

1e−j2πkf0tdt

=
1

T0

1

−j2πkf0
e−j2πkf0t

] 1
2

− 1
2

=
1

−j2πk

(
e−jπkf0 − ejπkf0

)
=

1

πk

(ejπkf0 − e−jπkf0
2j

)
=

1

πk
sin(πkf0) =

1

πk
sin(

πk

T0
)

=
sin(πkT0 )

T0
πk
T0

=
1

T0
sinc

( k
T0

)
.

Sto sq ma 1, blèpoume ìti ìso aux�nei to T0, tìso perissoterec fasmatikèc grammèc sugken-

tr¸nontai mèsa se ena sugkekrimèno suqnotikì di�sthma. Gia paradeigma, gia T0 = 2 èqoume

mìlic 5 fasmatikèc grammèc sto di�sthma [−1, 1], en¸ gia T0 = 16, èqoume 31 fasmatikèc grammèc

sto Ðdio di�sthma.

(gþ) An T0 → +∞, tìte ta Xk ja perigr�foun èna mh-periodikì s ma kai plèon ta kf0 ja ginontan

ènac suneq c �xonac f , opìte ja sqhmatÐzoun mÐa suneq  sun�rthsh tou f , dhlad  thn X(f).

(dþ) EÐnai xT0(t) = rect
( t

1

)
←→ XT0(f) = sinc(f). Profan¸c, to f�sma tou rect(t) proseggÐzetai

apì to f�sma tou Xk, ìtan to T0 megal¸nei aperiìrista. Deite to sq ma 2.
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Sq ma 1: F�smata pl�touc Xk.

2. Metasqhmatismìc Fourier - I

To s ma mac eÐnai

x(t) =

 |t|, |t| ≤ 1
2

0, alli¸c
=


−t, −1

2 ≤ t ≤ 0

t, 0 < t ≤ 1
2

0, alli¸c
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X(f) = sinc(f)

Sq ma 2: X(f) = sinc(f).

X(f) =

∫ 1
2

− 1
2

|t|e−j2πftdt

=

∫ 0

− 1
2

−te−j2πftdt+

∫ 1
2

0
te−j2πftdt

= −
(
e−j2πft

−j2πf

(
t+

1

j2πf

))]0
− 1

2

+

(
e−j2πft

−j2πf

(
t+

1

j2πf

))] 1
2

0

= −
(

1

−j2πf
1

j2πf
− ejπf

−j2πf

(
1

j2πf
− 1

2

))
+

(
−e
−jπf

j2πf

(
1

2
+

1

j2πf

)
+

1

j2πf

1

j2πf

)
=

1

4π2f2
− ejπf

j2πf

1

j2πf
+

1

2

ejπf

j2πf
− 1

2

e−jπf

j2πf
+
e−jπf

4π2f2
− 1

4π2f2

=
1

2π2f2
+

ejπf

2π2f2
+

1

2

ejπf

j2πf
− 1

2

e−jπf

j2πf
+
e−jπf

4π2f2

= − 1

2π2f2
+

1

4π2f2
(ejπf + e−jπf ) +

1

2πf

(
ejπf − e−jπf

2j

)
= − 1

2π2f2
+

1

4π2f2
2 cos(πf) +

1

2πf
sin(πf)

=
1

2πf
sin(πf) +

1

2π2f2
(cos(πf)− 1)

=
1

2
sinc(f)− 1

2
2 sin2

(πf
2

) 1

π2f2

=
1

2
sinc(f)− 1

4
sinc2

(f
2

)
.
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3. Metasqhmatismìc Fourier - II

(aþ) MporoÔme na sp�soume to s ma sta parak�tw gnwsta mac s mata me touc akìloujouc meta-

sqhmatismoÔc:

x1(t) = Arect

(
t

2T

)
←→ X1(f) = 2ATsinc(2fT )

x2(t) = Atri

(
t

T/2

)
←→ X2(f) =

AT

2
sinc2

(
fT

2

)
x3(t) = δ(t+ T ) + δ(t− T )←→ X3(f) = ej2πfT + e−j2πfT = 2 cos(2πfT )

Ara X(f) = X1(f) +X2(f) +X3(f) = 2ATsinc(2fT ) +
AT

2
sinc2

(
fT

2

)
+ 2 cos(2πfT ).

(bþ) O ìroc 2 cos(2πfT ) ekteÐnetai apì to −∞ wc to +∞ stic suqnìthtec, me stajerì pl�toc 2.

Oi �lloi duo ìroi, epeid  eÐnai sinc(), fjÐnoun ìso oi suqnìthtec f → ±∞. 'Ara autìc o ìroc

2 cos(2πfT ) prèpei na afairejeÐ, kai sto qrìno autì to s ma antapokrÐnetai sta dÔo Diracs,

opìte afairèjhkan ta δ(t− T ) kai δ(t+ T ).

4. Metasqhmatismìc Fourier - III

Sp�zontac ta s mata sth suqnìthta aut  th for�, kai me thn idiìthta thc duikìthtac, èqoume:

X1(f) = δ(f + T ) + δ(f − T )←→ x1(t) = e−j2πTt + ej2πTt = 2 cos(2πTt)

X2(f) =
A

2
tri

(
f

T/2

)
←→ x2(t) =

A

2

T

2
sinc

(
Tt

2

)
X3(f) =

A

2
rect

(
f

2T

)
←→ x3(t) =

A

2
2Tsinc(2tT )

kai �ra

x(t) = x1(t) + x2(t) + x3(t) = 2 cos(2πTt) +
AT

4
sinc2

(
Tt

2

)
+ATsinc(2fT ).

5. Metasqhmatismìc Fourier - IV

Emfan¸c, to s ma mac apoteleÐtai apì duo trÐgwna sto q¸ro thc suqnìthtac, metatopismèna stic

suqnìthtec ±f0, me di�rkeia ∆ kai pl�toc A. 'Ara:

X(f) = Atri

(
f − f0
∆/2

)
+Atri

(
f + f0
∆/2

)
←→

x(t) =
A∆

2
sinc2

(
∆t

2

)
ej2πf0t +

A∆

2
sinc2

(
∆t

2

)
e−j2πf0t

=
A∆

2
sinc2

(
∆t

2

)
2 cos(2πf0t)

= A∆sinc2
(

∆t

2

)
cos(2πf0t).
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6. Metasqhmatismìc Fourier - V

(aþ) EÐnai

x(t) = e−atε(t), a > 0

X(f) =

∫ +∞

−∞
e−atε(t)e−j2πftdt

=

∫ +∞

0
e−ate−j2πftdt

=

∫ +∞

0
e−(a+j2πf)tdt

=
1

−(a+ j2πf)
e−(a+j2πf)t

]+∞
0

=
1

−(a+ j2πf)

(
lim

t→+∞
e−(a+j2πf)t − e0

)
=

1

−(a+ j2πf)
(0− 1)

=
1

a+ j2πf
.

(bþ) 'Eqoume

X(f) =
1

a+ j2πf
=

a− j2πf
|a+ j2πf |2

=
a− j2πf
a2 + 4π2f2

=
a

a2 + 4π2f2
− j 2πf

a2 + 4π2f2
.

(gþ) EÐnai

|X(f)| = 1

|a+ j2πf |
=

1√
a2 + 4π2f2

.

To mètro tou M.F fainetai sto sq ma 3.

7. Sunart seic Dèlta

(aþ) To x(t) faÐnetai sto sq ma 4.

(bþ) 'Eqoume profan¸c

x(t) = 5δ(t+ 2) + 2δ(t+ 1) + 2δ(t− 1) + 5δ(t− 2).

(gþ) O met. Fourier eÐnai

X(f) = 5e+j2π2f + 2e+j2πf + 2e−j2πf + 5e−j2π2f

= 5 · 2 cos(2π2f) + 2 · 2 cos(2πf)

= 10 cos(2π2f) + 4 cos(2πf)

= 10
(
2 cos2(2πf)− 1

)
+ 4 cos(2πf)

= 20 cos2(2πf) + 4 cos(2πf)− 10.
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Sq ma 3: |X(f)| 'Askhshc 6.
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Sq ma 4: x(t) 'Askhshc 7.
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