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1. 'Algebra migadik¸n arijm¸n I

Jewr ste touc migadikoÔc arijmoÔc z = 2 + 2j, w = 2− 2j, v = −2 + 2j, u = −2− 2j.

(aþ) Sto migadikì epÐpedo, breÐte to shmeÐo (x, y) pou antistoiqeÐ sto migadikì z kai met� zwgrafÐste

to di�nusma ~z pou en¸nei to shmeÐo (x, y) me thn arq  twn axìnwn. Poiì eÐnai to mètro kai

h f�sh tou z (  tou ~z)? UpologÐste ta arijmhtik�, kai deÐxte se ti antistoiqoÔn ep�nw sto

migadikì epÐpedo.

(bþ) K�nte to Ðdio gia touc upìloipouc migadikoÔc arijmoÔc, w, v, u. Sqedi�ste ta antÐstoiqa shmeÐa

kai dianÔsmata sto migadikì epÐpedo, kai breÐte to �jroism� touc, z + w + v + u analutik� (me

qr sh �lgebrac) kai grafik� (prosjètontac ta dianÔsmata sto epÐpedo).

(gþ) BreÐte touc lìgouc z/w,w/v, u/z. BreÐte to pragmatikì kai fantastikì touc mèroc, kaj¸c kai

to mètro kai th f�sh touc.

2. 'Algebra migadik¸n arijm¸n II

Jewr ste mia sun�rthsh tou z = 1 + 1j,

w = ez

(aþ) BreÐte to ln(w).

(bþ) Breite to pragmatikì kai to fantastikì mèroc tou w.

(gþ) BreÐte to w + w∗, ìpou w∗ eÐnai o suzug c tou w.

(dþ) Breite to mètro, |w|, kai th f�sh, ∠w, tou w.

(eþ) BreÐte to | ln(w)|2.

(�þ) Breite to cos(1) wc sun�rthsh tou w, me qr sh thc exÐswshc tou Euler.

3. 'Algebra migadik¸n arijm¸n III

(aþ) O suzug c migadikìc tou z = x + yj eÐnai o z∗ = x − yj. Me qr sh aut¸n twn kartesian¸n

anaparast�sewn, deixte ìti
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i. zz∗ = x2 + y2

ii.
1

z
=

z∗

|z|2

(bþ) DeÐxte oti eÐnai polÔ eukolìtero na breÐte ta parap�nw apotelèsmata me qr sh twn polik¸n

anaparast�sewn, z = |z|ejθ, ìpou |z| =
√
x2 + y2 eÐnai to mètro tou migadikoÔ z, kai θ = tan−1 y

x

eÐnai h f�sh tou. 'Etsi, ja deÐte ìti ìpote jèloume na broÔme ginìmeno   phlÐko migadik¸n

arijm¸n, h polik  morf  eÐnai pio bolik  gia tic pr�xeic mac.

(gþ) 'Otan omwc jèloume na broÔme ajroÐsmata   diaforèc migadik¸n arijm¸n, h kartesian  anapa-

r�stash eÐnai pio bolik . Deixte ìti gia duo migadikoÔc arijmoÔc z = x + jy kai w = v + uj,

isqÔei

(z + w)∗ = z∗ + w∗

Antijètwc, deÐxte ìti h isìthta

(zw)∗ = z∗w∗

apodeiknÔetai eukolìtera me qr sh polik c morfhc twn migadik¸n.

(dþ) An ta parap�nw de sac peÐjoun :-) jewr ste ton pollaplasiasmì duo migadik¸n

z = r cos(θ) + jr sin(θ)

w = ρ cos(φ) + jρ sin(φ)

BreÐte tic polikèc morfèc touc kai met� breite to zw me qr sh kartesian c kai polik c morf c.

Gr�yte poi� protim�te apì tic duo, wc proc thn eukolÐa touc.

4. DianÔsmata kai migadikoÐ arijmoÐ

Me qr sh twn dianusmatik¸n anaparast�sewn twn migadik¸n arijm¸n einai polÔ eÔkolo na deÐxoume

orismènec endiafèrousec anisìthtec.

(aþ) EÐnai alhjèc ìti gia ènan migadikì z = x + yj isqÔei ìti |x| ≤ |z|? DeÐxte to gewmetrik� sto

migadikì epÐpedo, anaparistwntac to z wc di�nusma.

(bþ) H polÔ gnwsth trigwnik  anisìthta orÐzei ìti gia k�je migadikoÔc (  pragmatikoÔc) arijmoÔc z

kai u, isqÔei ìti

|z + u| ≤ |z|+ |u|

DeÐxte ena gewmetrikì par�deigma pou thn epalhjeÔei.
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5. ExÐswsh Euler kai orjogwnikìthta hmitìnwn

H exÐswsh tou Euler1

ejθ = cos(θ) + j sin(θ)

eÐnai polÔ qr simh ìqi mìno sthn paragwg  thc polik c kai kartesian c morf c twn migadik¸n arijm¸n

all� kai se poll� �lla probl mata, merik� ek twn opoÐwn ja doÔme se aut n thn �skhsh.

(aþ) 'Estw ìti jèlete na breÐte thn trigwnometrik  tautìthta pou antistoiqei sto

sin(a) sin(b)

all� den th jum�ste ap' èxw (oÔte èqete internet gia na to google-�rete :-) ). Qrhsimopoi ste thn

exÐswsh tou Euler gia na ekfr�sete ta hmÐtona me ìrouc migadik¸n ekjetik¸n, pollaplasi�ste

ta, kai qrhsimopoi ste xan� thn exÐswsh Euler gia na ��mazèyete�� ta ekjetik� p�li pÐsw se

hmÐtona.

(bþ) 'Opwc ja doÔme sth sunèqeia tou maj matoc, duo periodik� s mata x(t) kai y(t) me perÐodo T0

eÐnai orjog¸nia an to olokl rwma tou ginomènou touc se mia perÐodo T0 isoÔtai me 0, dhl.∫
T0

x(t)y(t)dt = 0

Gia par�deigma, èstw x(t) = cos(πt) kai y(t) = sin(πt). Pr¸ta, apodeÐxte oti ta duo aut�

s mata epanalamb�nontai k�je T0 = 2, dhl. deÐxte oti

x(t+ 2) = x(t)

y(t+ 2) = y(t)

'Etsi, to T0 = 2 eÐnai h perÐodìc touc. 'Epeita, qrhsimopoi ste thn anapar�stash enìc sunhmi-

tìnou wc �jroisma ekjetik¸n, dhl. thn

cos(at) =
ejat + e−jat

2

gia na ekfr�sete to ginìmeno sto olokl rwma me ìrouc ekjetik¸n, kai na upologÐsete telik�

to olokl rwma.

1H exÐswsh tou Euler, se mia pio apl  morf  pou sun jwc emfanÐzetai (ejπ + 1 = 0), jewreÐtai mia apì tic omorfìterec

majhmatikèc exis¸seic olwn twn epoq¸n. Ki autì giatÐ sundu�zei treic basikèc pr�xeic - prìsjesh, Ôywsh se dÔnamh, kai

pollaplasiasmì - kai tèsseric jemeli¸deic arijmoÔc ìlwn twn episthm¸n - π, e, 0, 1.
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6. AjroÐsmata hmitìnwn Ðdiac suqnìthtac

BreÐte to �jroisma

x(t) = 2 cos
(
2π10t+

π

3

)
+
√
2 cos

(
2π10t− 3π

4

)
sth morf 

x(t) = A cos(2πf0t+ φ)

Bo jeia: Qrhsimopoi ste ìti an

x(t) = <{(z1 + z2)e
j2πf0t}

tìte

x(t) = <{Aej2πf0t}

me

A =
√
(<{z1}+ <{z2})2 + (={z1}+ ={z2})2e

−j tan−1 ={z1}+={z2}
<{z1}+<{z2}

7. S mata seir nac - Chirp signals - MATLAB (bonus 10%)

To na akoÔsei kaneÐc apl� hmÐtona den eÐnai kai polÔ endiafèron. Teqnikèc diamìrfwshc   �llou

eÐdouc teqnikèc qrhsimopoioÔntai kai mac dÐnoun pio endiafèrontec  qouc. Ta s mata seir nac, ta

opoÐa eÐnai hmÐtona me qronik� metaballìmenec suqnìthtec, apoteloÔn èna komm�ti apì autoÔc touc

pio endiafèrontec  qouc pou anafèrame. Gia par�deigma, èstw to parak�tw s ma seir nac

x(t) = A cos(2πfct+ s(t))

(aþ) 'Estw A = 1, fc =
1
π kai s(t) = t2/4. Qrhsimopoi ste to MATLAB gia na apeikonÐsete to shma

x(t) sto di�sthma 0 ≤ t ≤ 40, me b ma 0.05, me qr sh thc sun�rthshc plot. Qrhsimopoi ste

th sun�rthsh sound tou MATLAB gia na to akoÔsete (gr�yte help sound gia na deÐte pwc

sunt�ssetai kai jewr ste thn pio apl  thc sÔntaxh).

(bþ) 'Estw A = 1, fc =
1
π kai s(t) = −2 sin(t). Qrhsimopoi ste to MATLAB gia na apeikonÐsete to

shma x(t) sto di�sthma 0 ≤ t ≤ 40, me b ma 0.05, me qr sh thc sun�rthshc plot. Qrhsimopoi ste

th sun�rthsh sound tou MATLAB gia na to akoÔsete.

(gþ) H suqnìthta autoÔ tou eÐdouc twn shm�twn den eÐnai tìso xek�jarh, giatÐ all�zei suneq¸c, k�je

qronik  stigm . H stigmiaÐa suqnìthta IF (t) eÐnai h par�gwgoc tou orÐsmatoc tou sunhmitìnou,

wc proc t, epÐ 1
2π . Gia par�deigma, gia èna aplì sunhmÐtono A cos(2πfct), h stigmiaÐa suqnìthta

dÐnetai wc IF (t) = 1
2π

d
dt(2πfct) = 1

2π2πfc = fc. 'Etsi, h stigmiaÐa suqnìthta sumpÐptei me th

suqnìthta ìpwc thn orÐsate sto m�jhma. 'Omwc se s mata seir nac, aut  h sÔmptwsh den isqÔei.

UpologÐste (sto qartÐ) tic stigmiaÐec suqnìthtec twn duo shm�twn parap�nw. Sqedi�ste tic

sto MATLAB. 'Eqoun nìhma wc suqnìthtec (me th fusik  shmasÐa thc ènnoiac)? Exhg ste.
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