
HU215: Telikì Diag¸nisma
20 IoulÐou 2014

Did�skwn: Gi�nnhc StulianoÔ

1. Bajmìc: 30

DÐnetai to parak�tw periodikì s ma x(t):

x(t) = 2 cos
(

2π80t+
π

4

)
+ cos

(
2π240t− π

3

)
− cos(2π360t)

a) BreÐte thn perÐodo, T0, tou s matoc kai sqedi�ste to f�sma pl�touc kai f�shc.

b) UpologÐste th sun�rthsh autosusqètishc, φx(t), kai th Fasmatik  Puknìthta IsqÔoc, Φx(f),

tou s matoc x(t).

g) Poi� eÐnai h el�qisth suqnìthta deigmatolhyÐac fs pou apaiteÐtai gia na metatrèyoume to s ma

se diakritoÔ qrìnou, ¸ste met� na mporoÔme na to anakt soume pl rwc apì ta deÐgmat� tou?

LÔsh:

a) EÐnai

f0 = MKD{80, 240, 360} = 40

�ra

T0 =
1

f0
=

1

40
sec

EpÐshc

x(t) = 2 cos
(

2π80t+
π

4

)
+ cos

(
2π240t− π

3

)
− cos(2π360t)

= ejπ/4ej2π80t + e−jπ/4e−j2π80t +
1

2
e−jπ/3ej2π240t +

1

2
ejπ/3e−j2π240t − 1

2
ej2π360t − 1

2
e−j2π360t

= ejπ/4ej2π80t + e−jπ/4e−j2π80t +
1

2
e−jπ/3ej2π240t +

1

2
ejπ/3e−j2π240t +

1

2
ejπej2π360t +

1

2
e−jπe−j2π360t

To f�sma pl�touc kai fashc faÐnetai sto Sq ma 1.

b) EÐnai

φxx(t) =
∑
|Xk|2ej2πkf0t

= ej2π80t + e−j2π80t +
1

4
ej2π240t +

1

4
e−j2π240t +

1

4
ej2π360t +

1

4
e−j2π360t

= 2 cos(2π80t) +
1

2
cos(2π240t) +

1

2
cos(2π360t)

EpÐshc

Φxx(f) = F{φxx(t)} = F{2 cos(2π80t) +
1

2
cos(2π240t) +

1

2
cos(2π360t)}

= δ(f − 80) + δ(f − 80) +
1

2
δ(f − 240) +

1

2
δ(f + 240) +

1

2
δ(f − 360) +

1

2
δ(f + 360)
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Sq ma 1: F�smata 'Askhshc 1

g) H mègisth suqnìthta tou s matoc eÐnai fmax = 360 Hz, �ra sÔmfwna me to je¸rhma thc

deigmatolhyÐac, h el�qisth suqnìthta deigmatolhyÐac eÐnai fs = 2 · 360 = 720 Hz.

2. Bajmìc: 20

Breite to metasqhmatismì Fourier tou parak�tw s matoc:

x(t) =


−j, t > 0

0, t = 0

j, t < 0

LÔsh:

EÐnai

x(t) = −ju(t) + ju(−t)

X(f) = −j
(1

2
δ(f) +

1

j2πf

)
+ j
(1

2
δ(−f) +

1

−j2πf

)
= −j

(1

2
δ(f) +

1

j2πf

)
+ j
(1

2
δ(f)− 1

j2πf

)
= − 1

πf
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Enallaktik�, me paragwgish (qwric an�gkh sq matoc),

x(t) = −ju(t) + ju(−t) =⇒ dx(t)

dt
= −jδ(t)− jδ(t) = −2jδ(t)

j2πfX(f) = −2jF{δ(t)}

j2πfX(f) = −j2

X(f) = − 1

πf

3. Bajmìc: 30

DÐnetai h parak�tw diaforik  exÐswsh pou perigr�fei èna aitiatì sÔsthma:

d2y(t)

dt2
+ 11

dy(t)

dt
+ 24y(t) = 5

dx(t)

dt
+ 3x(t)

a) BreÐte thn perigraf  tou sust matoc sto q¸ro tou metasq. Laplace, H(s), mazÐ me to pedÐo

sÔgklishc.

b) BreÐte to s ma pou perigr�fei to sÔsthma sto q¸ro tou qrìnou, h(t).

g) BreÐte thn èxodo tou susthmatoc y(t), gia eÐsodo x(t) = −2δ(t− 1).

LÔsh:

a) Efarmìzontac idiìthtec, èqoume

d2y(t)

dt2
+ 11

dy(t)

dt
+ 24y(t) = 5

dx(t)

dt
+ 3x(t)

s2Y (s) + 11sY (s) + 24Y (s) = 5sX(s) + 3X(s)

Y (s)(s2 + 11s+ 24) = X(s)(5s+ 3)

Y (s)

X(s)
=

5s+ 3

s2 + 11s+ 24

H(s) =
5s+ 3

s2 + 11s+ 24

H(s) =
5s+ 3

(s+ 3)(s+ 8)

AfoÔ to sÔsthma einai aitiatì, ja èqei dexiìpleuro pedÐo sÔgklishc, �ra <{s} > −3.

b) To polu¸numo tou arijmht  eÐnai mikrìterhc t�xhc apì autì tou paronomast  sto H(s), �ra

mporoÔme na efarmìsoume an�ptugma se merik� kl�smata. Ja èqoume

H(s) =
5s+ 3

(s+ 3)(s+ 8)

=
A

s+ 3
+

B

s+ 8
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me

A = H(s)(s+ 3)
∣∣∣
s=−3

=
5s+ 3

s+ 8

∣∣∣
s=−3

=
−15 + 3

−3 + 8
= −12

5

B = H(s)(s+ 8)
∣∣∣
s=−8

=
5s+ 3

s+ 3

∣∣∣
s=−8

=
−40 + 3

−8 + 3
=

37

5

'Ara telik�

H(s) = −12

5

1

s+ 3
+

37

5

1

s+ 8

h(t) = −12

5
e−3tu(t) +

37

5
e−8tu(t)

afoÔ to shma èqei pedÐo sÔgklishc <{s} > −3.

g) ParathroÔme ìti

y(t) = h(t) ∗ x(t) =
(
− 12

5
e−3tu(t) +

37

5
e−8tu(t)

)
∗ (−2δ(t− 1))

=
24

5
e−3(t−1)u(t− 1)− 74

5
e−8(t−1)u(t− 1)

4. Bajmìc: 15

To s ma x(t) = sinc(200t) deigmatolhpteÐtai me suqnìthta deigmatolhyÐac fs

(i) 150 Hz,

(ii) 200 Hz,

(iii) 300 Hz.

Gia k�je mia apì tic treic peript¸seic:

a) Sqedi�ste to f�sma, Xs(f), tou deigmatolhpthmènou s matoc.

b) Exhg ste an mporeÐte se k�je perÐptwsh na anakt sete to arqikì s ma apì to deigmatolhpth-

mèno s ma.

LÔsh:

a) Arqik�, parathroÔme ìti to f�sma tou x(t) eÐnai to X(f) =
1

200
rect

( f

200

)
. H di�rkeia tou

tetragwnikoÔ parajÔrou eÐnai apì −100 wc 100 Hz.

Ta f�smata faÐnontai se k�je perÐptwsh sto Sq ma 2.

b) H mègisth suqnìthta tou s matoc eÐnai 100 Hz. 'Ara opoiad pote suqnìthta deigmatolhyÐac

megalÔterh   Ðsh me th dipl�sia aut  suqnìthta (dhl. 2 · 100 = 200 Hz) mac anakt� to arqikì

s ma apì ta deÐgmat� tou. 'Ara mìno sthn perÐptwsh (i) den mporoÔme na anakthsoume to shma

apì ta deÐgmat� tou.
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Sq ma 2: F�smata 'Askhshc 4

5. Bajmìc: 20

DÐnetai o metasqhmatismìc Laplace enìc dexiìpleurou s matoc:

H(s) =
se−2s

(−3− s)(−2− s)

a) BreÐte to pedÐo sÔgklishc. Dikaiolog ste thn epilog  sac.

b) BreÐte ton antÐstrofo metasqhmatismì Laplace, h(t).

g) Up�rqei o metasqhmatismìc Fourier tou parap�nw s matoc? An nai, breÐte ton. An ìqi,

exhg ste.

Lush:

a) AfoÔ to s ma eÐnai dexiìpleuro, to pedÐo sÔgklishc prèpei na eÐnai epÐshc dexiìpleuro. 'Ara, afoÔ

oi pìloi eÐnai stic jèseic s = −3, s = −2, ja einai <{s} > −2.

b) 'Eqoume

H(s) =
se−2s

(−3− s)(−2− s)
=

s

(−3− s)(−2− s)
e−2s = G(s)e−2s ←→ h(t) = g(t− 2)

5



'Ara qrei�zetai na broÔme to G(s). Ja eÐnai

G(s) =
s

(−3− s)(−2− s)
=

A

s+ 3
+

B

s+ 2

me

A = G(s)(s+ 3)
∣∣∣
s=−3

=
s

s+ 2

∣∣∣
s=−3

= 3

B = G(s)(s+ 2)
∣∣∣
s=−2

=
s

s+ 3

∣∣∣
s=−2

= −2

kai ara

G(s) =
3

s+ 3
− 2

s+ 2
←→ g(t) = 3e−3tu(t)− 2e−2tu(t)

afoÔ to sÔsthma eÐnai dexiìpleuro. 'Ara

h(t) = g(t− 2) = 3e−3(t−2)u(t− 2)− 2e−2(t−2)u(t− 2)

g) O metasq. Fourier up�rqei, giatÐ o fantastikìc �xonac perièqetai sto pedÐo sÔgklishc. EÔkola

brÐskoume to metasq. Fourier apì to metasq. Laplace jètontac s = j2πf .

H(s)
∣∣∣
s=j2πf

=
j2πfe−j4πf

(j2πf + 3)(j2πf + 2)
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