
Tupolìgio gia HU215 - Efarmosmèna Majhmatik� gia MhqanikoÔc

20 Ιουνίου 2014

1 MigadikoÐ - Sqeseic Euler

• a+ jb = ρejθ, ρ =
√
a2 + b2, θ = tan−1 b

a

• ejθ = cos(θ) + j sin(θ)

• cos(θ) =
ejθ + e−jθ

2
, sin(θ) =

ejθ − e−jθ

2j

• e±jπ = −1, e±jπ/2 = ±j = ∓
1

j

• e±j2πk = 1, e±jπk = (−1)k

2 HmÐtona

• x(t) = A cos(2πf0t+ φ) = A<{ej(2πf0t+φ)}

� PerÐodoc: T0 = 1
f0

� Suqnìthta: f0 = 1
T0

• Gia pragmatik� s mata:

� F�sma pl�touc : �rtia sun�rthsh

� F�sma f�shc : peritth sun�rthsh

• x(t) =

N∑
k=0

Ak cos(2πfkt+ φk), fk =
1

Tk

� PerÐodoc: T0 = EKP{Tk}   f0 = MKD{fk}

3 Seirèc Fourier

• DÐpleurh (ekjetik ): An�lush enìc s matoc se �jroisma mi-
gadik¸n ekjetik¸n me suqnìthtec akèraiec pollapl�siec miac
jemeli¸douc.

� x(t) = X0 +
∞∑

k=−∞
Xke

j2πkf0t

� Xk =
1

T0

∫ T0

0
x(t)e−j2πkf0tdt

� Xk = |Xk|ej∠Xk

� X0 =
1

T0

∫ T0

0
x(t)dt ∈ <, ìtan x(t) ∈ <.

• Monìpleurh (trigwnometrik ): An�lush enìc pragmatikoÔ

s matoc se �jroisma sunhmitìnwn me suqnìthtec akèraiec
pollapl�siec miac jemeli¸douc.

� x(t) = A0 +
∞∑
k=1

Ak cos(2πkf0t+ φk)

� A0 = X0

� Ak = 2|Xk|

� φk = ∠Xk

•
∫ T0

0
ej2πk/T0tdt =

{
0, k 6= 0

T0, k = 0

4 Metasqhmatismìc Fourier

• X(f) =

∫ ∞
−∞

x(t)e−j2πftdt

• x(t) =

∫ ∞
−∞

X(f)ej2πftdf

• X(f) = |X(f)|ej∠X(f)

• |X(f)| =
√
<2(f) + =2(f), ∠X(f) = tan−1 =(f)

<(f)

5 Sun�rthsh Dèlta

•
∫ ∞
−∞

δ(t)dt = 1

•
∫ ∞
−∞

x(t)δ(t− t0)dt = x(t0)

•
dε(t)

dt
= δ(t)

6 Genikì tupolìgio

•
∫
eatdt =

1

a
eat

•
∫
teatdt =

eat

a

(
t−

1

a

)
• x(t) = xe(t) + xo(t)

� xe(t) =
x(t) + x(−t)

2

� xo(t) =
x(t)− x(−t)

2

• sinc(x) =
sin(πx)

πx

• sinc(0) = 1

• cos2(θ) + sin2(θ) = 1

• |ejθ| = 1, ∀θ

• cos(−θ) = cos(θ)

• sin(−θ) = − sin(θ)

• (a+ b)n =
n∑
k=0

(n
k

)
an−kby =

n∑
k=0

n!

k!(n− k)!
an−kby
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7 PÐnakec

1.

Idiìthtec seir¸n Fourier

Periodikì s ma Suntelestèc Fourier

x(t) me T0 Xk

y(t) me T0 Yk

Ax(t) +By(t) AXk +BYk

x(t− t0) Xke
−jk2πf0t0

ej2πkf0Mtx(t) Xk−M

x∗(t) X∗−k
x(−t) X−k

x(at), a > 0 Xk, me perÐodo T0/a∫
T0

x(τ)y(t− τ)dτ T0XkYk

x(t)y(t)
∞∑

l=−∞
XlYk−l

dx(t)

dt
jk2πf0Xk∫ t

−∞
x(τ)dτ

Xk

jk2πf0

x(t) ∈ <



Xk = X∗−k,

<{Xk} = <{X−k},
={Xk} = −={X−k},
|Xk| = |X−k|,
∠Xk = −∠X−k

xe(t) = Ev{x(t)}, x(t) ∈ < <{Xk}
xo(t) = Od{x(t)}, x(t) ∈ < j={Xk}

1

T0

∫ T0

0
|x(t)|2dt

∞∑
k=−∞

|Xk|2

PÐnakac 1: PÐnakac Idiot twn twn seir¸n Fourier

2.

Idiìthtec metasqhmatismoÔ Fourier

S ma Metasqhmatismìc Fourier

x(t) X(f)

y(t) Y (f)

Ax(t) +By(t) AX(f) +BY (f)

x(t± t0) X(f)e±j2πft0

e±j2πf0tx(t) X(f ∓ f0)

x∗(t) X∗(−f)

x(−t) X(−f)

x(at)
1

|a|
X
(f
a

)
∫ ∞
−∞

x(τ)y(t− τ)dτ X(f)Y (f)

X(t) x(−f)

x(t)y(t) X(f) ∗ Y (f)

dnx(t)

dtn
(j2πf)nX(f)∫ t

−∞
x(τ)dτ

X(f)

j2πf
+
X(0)δ(f)

2

x(t) ∈ <



X(f) = X∗(−f),

<{X(f)} = <{X(−f)},
={X(f)} = −={X(−f)},
|X(f)| = |X(−f)|,
∠X(f) = −∠X(−f)

xe(t) = Ev{x(t)}, x(t) ∈ < <{X(f)}
xo(t) = Od{x(t)}, x(t) ∈ < j={X(f)}∫ ∞

−∞
|x(t)|2dt

∫ ∞
−∞
|X(f)|2df

PÐnakac 2: PÐnakac Idiot twn tou metasq. Fourier

3.

ZeÔgh metasqhmatismoÔ Fourier

S ma Metasqhmatismìc Fourier
∞∑

k=−∞
Xke

j2πkf0t
∞∑

k=−∞
Xkδ(f − kf0)

e±j2πkf0t δ(f ∓ f0)

cos(2πkf0t)
1

2
δ(f − f0) +

1

2
δ(f + f0)

sin(2πkf0t)
1

2j
δ(f − f0)−

1

2j
δ(f + f0)

1 δ(f)

Arect
(
t
T

)
ATsinc(fT )

Atri
(
t
T

)
ATsinc2(fT )

∞∑
k=−∞

δ(t− kT )
1

T

∞∑
k=−∞

δ
(
f − k

1

T

)
δ(t) 1

sgn(t)
1

jπf

ε(t)
1

2
δ(f) +

1

j2πf

e−a|t|, <{a} > 0
2a

4π2f2 + a2

e−atu(t), <{a} > 0
1

a+ j2πf

eatu(−t), <{a} > 0
1

a− j2πf
te−atu(t), <{a} > 0

1

(a+ j2πf)2

−teatu(−t), <{a} > 0
1

(a− j2πf)2

tn−1

(n−1)!
e−atu(t), <{a} > 0

1

(a+ j2πf)n

− tn−1

(n−1)!
eatu(−t), <{a} > 0

1

(a− j2πf)n

PÐnakac 3: PÐnakac zeug¸n metasq. Fourier
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8 Sunèlixh kai Susqètish

• Sunèlixh:

cxy(t) =

∫ ∞
−∞

x(τ)y(t− τ)dτ

• S mata Enèrgeiac

• Eterosusqètish:

φxy(t) =

∫ ∞
−∞

x∗(τ)y(τ + t)dτ

• Autosusqètish:

φxx(t) =

∫ ∞
−∞

x∗(τ)x(τ + t)dτ

• S mata IsqÔoc

• Eterosusqètish:

φxy(t) = lim
T→∞

∫ T/2

−T/2
x∗(τ)y(τ + t)dτ

• Autosusqètish:

φxx(t) = lim
T→∞

∫ T/2

−T/2
x∗(τ)x(τ + t)dτ

• Φx(f) = lim
T→∞

1

T
|X(f, T )|2

• Periodik� S mata

• Eterosusqètish:

φxy(t) =
1

T0

∫ T0

0
x∗(τ)y(τ + t)dτ =

=
∞∑

k=−∞
X∗kYke

j2πkf0t

• Autosusqètish:

φxx(t) =
1

T0

∫ T0

0
x∗(τ)x(τ + t)dτ =

=

∞∑
k=−∞

|Xk|2ej2πkf0t

• MetasqhmatismoÐ

• φxx(0) = EperÐodo = P =

∞∑
k=−∞

|Xk|2

• Φxy(f) = X∗(f)Y (f)

• Φxx(f) = |X(f)|2

• φxx(0) =

∫ ∞
−∞

Φx(f)df

9 Metasqhmatismìc Laplace

• X(s) =

∫ ∞
−∞

x(t)e−stdt

• x(t) =
1

2πj

∫ σ+j∞

σ−j∞
X(s)estds

• Je¸rhma thc arqik c tim c: x(0+) = lim
s→∞

sX(s)

• Je¸rhma thc telik c tim c: lim
t→∞

x(t) = lim
s→0

sX(s)

• X(s)
∣∣∣
σ=0

=

∫ ∞
−∞

x(t)e−(0+j2πf)tdt = X(f)

ìtan σ = 0 ∈ ROC

• An�ptugma se Merik� Kl�smata (aplèc rizec)

F (x) =
bmxm + bm−1xm−1 + · · ·+ b1x+ b0

xn + an−1xn−1 + · · ·+ a1x+ a0
, m < n

=
P (x)

(x− ρ1)(x− ρ2) · · · (x− ρn)

=
k1

x− ρ1
+

k2

x− ρ2
+ · · ·+

kn

x− ρn

me ki = (x− ρi)F (x)
∣∣∣
x=ρi

, i = 1, 2, · · · , n

• An�ptugma se Merik� Kl�smata (pollaplèc rÐzec)

F (x) =
P (x)

(x− λ)r(x− ρ1)(x− ρ2)(x− ρ3) · · · (x− ρj)

Tìte

F (x) =
d0

(x− λ)r
+

d1

(x− λ)r−1
+ · · ·+

dr−1

(x− λ)

+
k1

x− ρ1
+

k2

x− ρ2
+ · · ·+

kj

x− ρj
(1)

Oi suntelestèc ki antistoiqoÔn stic rÐzec qwrÐc pollaplìth-
ta kai upologÐzontai ìpwc perigr�yame prin, en¸

dj =
1

j!

dj

dxj
[(x− λ)rF (x)]

∣∣∣
x=λ

10 DeigmatolhyÐa

• 'Ena s ma me mègisth suqnìthta B, mporeÐ na anakthjeÐ apì
ta deÐgmat� tou, an deigmatolhpthjeÐ me suqnìthta deigmato-
lhyÐac fs > 2B.
H sunj kh:

fs > 2B (   Ts <
1

2B
)

lègetai sunj kh tou Shannon (h mègisth suqnìthta B su-
n jwc anafèretai kai sth bibliografÐa wc fmax)
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11 PÐnakec

Idiìthtec dÐpleurou metashmatismoÔ Laplace

S ma Metasqhm. Laplace ROC

x(t) X(s) Rx

y(t) Y (s) Ry

Ax(t) +By(t) AX(s) +BY (s) Toul�qiston to Rx ∩Ry
x(t− t0) X(s)e−st0 Rx

es0tx(t) X(s− s0) Metatìpish tou Rx

x∗(t) X∗(s∗) Rx

x(at)
1

|a|
X(

s

a
) Stajmismèno Rx

x(t) ∗ y(t) X(s)Y (s) Toul�qiston to Rx ∩Ry
dx(t)
dt

sX(s) Toul�qiston to Rx

−tu(t)
dX(s)

dt
Rx∫ t

−∞
x(τ)dτ

X(s)

s
+

1

s

∫ 0−

−∞
x(t)dtToul�qiston Rx ∩ {<{s} > 0}

x(t)

t

∫ ∞
s

X(z)dz

Idiìthtec monìpleurou metashmatismoÔ Laplace
dx(t)
dt

sX(s)− x(0−) Toul�qiston to Rx∫ t

0−
x(τ)dτ

X(s)

s
Rx

PÐnakac 4: PÐnakac Idiot twn tou metasq. Laplace

Qr sima zeÔgh metashmatismoÔ Laplace

S ma Metasqhmatismìc Laplace ROC

δ(t) 1 'Olo to s-epÐpedo

cos(2πf0t)u(t)
s

s2 + (2πf0)2
<{s} > 0

sin(2πf0t)u(t)
2πf0

s2 + (2πf0)2
<{s} > 0

Arect
(
t
T

)
A
s

(esT/2 − e−sT/2) ìlo to s-epÐpedo

u(t)
1

s
<{s} > 0

−u(−t)
1

s
<{s} < 0

e−atu(t)
1

s+ a
<{s} > −<{a}

−e−atu(−t)
1

s+ a
<{s} < −<{a}

tn−1

(n−1)!
e−atu(t)

1

(s+ a)n
<{s} > −<{a}

− tn−1

(n−1)!
e−atu(−t)

1

(s+ a)n
<{s} < −<{a}

e−at cos(2πf0t)u(t)
s+ a

(s+ a)2 + (2πf0)2
<{s} > −<{a}

e−at sin(2πf0t)u(t)
2πf0

(s+ a)2 + (2πf0)2
<{s} > −<{a}

PÐnakac 5: PÐnakac zeug¸n metasq. Laplace

Qr sima zeÔgh sunèlixhc

x(t) y(t) x(t) ∗ y(t)

x(t) δ(t− T ) x(t− T )

eatu(t) u(t)
1− eat

−a
u(t)

u(t) u(t) tu(t)

eatu(t) ebtu(t)
eat − ebt

a− b
u(t), a 6= b

eatu(t) eatu(t) teatu(t)

teatu(t) eatu(t)
1

2
t2eatu(t)

tnu(t) eatu(t)
n!eat

an+1
u(t)−

n∑
j=0

n!tn−j

aj+1(n− j)!
u(t)

tmu(t) tnu(t)
m!n!

(n+m+ 1)!
tm+n+1u(t)

teatu(t) ebtu(t)
ebt − eat + (a− b)teat

(a− b)2
u(t)

tmeatu(t) tneatu(t)
m!n!

(n+m+ 1)!
tm+n+1eatu(t)

tmeatu(t) tnebtu(t)
m∑
j=0

(−1)jm!(n+ j)!tm−jeat

j!(m− j)!(a− b)!n+j+1
u(t)

a 6= b +

n∑
k=0

(−1)kn!(m+ k)!tn−kebt

k!(n− k)!(b− a)m+k+1
u(t)

eat cos(bt+ θ)u(t) eλtu(t)
cos(θ − φ)eλt − e−at cos(bt+ θ − φ)√

(a+ λ)2 + b2
u(t)

φ = tan−1 −b
a+λ

eatu(t) ebtu(−t)
eatu(t) + ebtu(−t)

b− a
, <{b} > <{a}

eatu(−t) ebtu(−t)
eat − ebt

b− a
u(−t)

PÐnakac 6: PÐnakac zeug¸n sunelÐxewn
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