
PANEPISTHMIO KRHTHS
Tm ma Epist mhc Upologist¸n

HY-215: Efarmosmèna Majhmatik� gia MhqanikoÔc
Earinì Ex�mhno 2013

Did�skwn: P. TsakalÐdhc

LÔseic DeÔterhc Seir�c Ask sewn

HmeromhnÐa An�jeshc: 12/03/2013 HmeromhnÐa Par�doshc: 26/03/2013

'Askhsh 1.
A) (a) Gia to s ma x(t) èqoume:

Enèrgeia =

∫ T

0
x(t)2dt =

∫ 0

−1
(−t− 1)2dt+

∫ 1

0
t2dt+

∫ 2

1
12dt+

∫ 3

2
(−t+ 3)2dt) =

=

[
t3

3
+ t2 + t

]0
−1

+

[
t3

3

]1
0

+ [t]21 +

[
t3

3
− 3t2 + 9t

]3
2

= 2

A)(b) Gia to s ma y(t) èqoume:

Enèrgeia =

∫ T

0
y(t)2dt =

∫ −1
−2

12dt+

∫ 0

−1
(−1)2dt+

∫ 1

0
(t− 1)2dt =

= [t]−1−2 + [t]0−1 +

[
t3

3
− t2 + t

]1
0

=
7

3

B)
a) x(t)y(t-1)

Sq ma 1:
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Sq ma 2:

b) x(t)y(-1-t)

Sq ma 3:

Sq ma 4:
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c) x(t+1)y(t-2)

Sq ma 5:

Sq ma 6:
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d) x(2t)y((t/2)+1)

Sq ma 7:

Sq ma 8:
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'Askhsh 2.

(a) x[n] = cos(
8

15
πn).

Periodikì me jemeli¸dh perÐodoc T=15 deÐgmata

(b) x(t) = cos(2t) + sin(3t)
Periodikì me periodo: MKD(2, 3) = 1. Epomènwc T = 2π

ω = 2π.

(g) x(t) = cos(t)u(t). Mh periodikì

(d) x(t) =
∞∑

k=−∞
δ[n− 3k] + δ[n− k2]

Mh periodikì

(e) x(n) = cos(
1

5
πn)sin(

1

3
πn)

Periodikì. SÔmfwna me touc tÔpouc tou Euler èqoume:

cos(
1

5
πn)sin(

1

3
πn) =

1

2
(ej

1
5
πn + e−j

1
5
πn)

1

2j
(ej

1
3
πn − e−j

1
3
πn) =

=
1

4j
(ej

8
15
πn − e−j

2
15
πn + ej

2
15
πn − e−j

8
15
πn) =

=
1

2
(
ej

8
15
πn − e−j

8
5
πn

2j
) +

1

2
(
ej

2
15
πn − e−j

2
5
πn

2j
) =

=
1

2
(sin(

8

15
πn) + sin(

2

15
πn))

'Ara èqoume f1 = 8
30 kai f2 = 2

30
MKD( 8

30 ,
2
30) =

2
30

'Ara f0 = 1
15Hz

(st) x(t) = v(t) + v(−t), ìpou v(t) = sin(t)u(t)
Periodikì me perÐodo T = 2π

'Askhsh 3.

(a) y(t) = cos(x(t))

Statikì : kaj¸c h èxodoc tou exart�tai mìno apì paroÔsec timèc thc eisìdou.
Eustajèc: gia k�je tim  thc eisìdou h èxodoc eÐnai fragmènh sto di�sthma [-1,1].
Aitiatì: h èxodoc y(t) exart�tai mìno apì tic paroÔsec timèc thc eisìdou.
Qronik� amet�blhto: Gia eisodo x(t− t0), h èxodoc tou sust matoc eÐnai cos(x(t− t0)) = y(t− t0)
Mh grammikì: Gia eÐsodo a1x1(t) + a2x2(t), sthn èxodo èqoume:
cos(a1x1(t)) + cos(a2x2(t)) 6= a1y1(t) + a2y2(t) = a1cos(x1(t)) + a2cos(x2(t))
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(b) y(t) = x(2− t)
Dunamikì: gia k�poiec qronikèc stigmèc, sugkekrimèna gia t ≥ 2 h èxodoc exart�tai apì prohgoÔ-
menec timèc tic eisìdou.
Eustajèc: 'Estw |x(t)| < Mx <∞. Tìte |y(t)| = |x(2− t)| < Mx <∞. 'Eqoume fragmènh èxodo
gia k�je fragmènh eÐsodo.
Mh aitiatì: h èxodoc y(t) exart�tai apì mellontikèc timèc tic eisìdou gia t < 2.
Qronik� amet�blhto: Gia eisodo x(t− t0) tìte sthn èxodo èqoume x(2− (t− t0)) = y(t− t0)
Grammikì: Gia eÐsodo a1x1(t) + a2x2(t) sthn èxodo ja èqoume:
a1x1(2− t) + a2x2(2− t) = a1y1(t) + a2y2(t)

(g) y(t) =
d

dt
x(t)

Statikì: gia k�je qronikh stigm  h èxodoc den exart�tai apì prohgoÔmenec timèc tic eisìdou.

Eustajèc: 'Estw |x(t)| < Mx < ∞. Tìte |y(t)| = d|x(t)|
dt < dMx

dt < ∞. 'Eqoume fragmènh eÐdodo
gia fragmènh èxodo.
Aitiatì: h èxodoc y(t) exart�tai mìno apì tic paroÔsec timèc thc eisìdou.

Qronik� amet�blhto: Gia eisodo x(t− t0), sthn èxodo ja èqoume dx(t−t0)
dt = y(t− t0)

Grammikì: Gia eÐsodo a1x1(t) + a2x2(t) sthn èxodo ja èqoume:
da1x1(t)+a2x2(t)

dt = a1
x1(t)
dt + a2

x2(t)
dt = a1y1(t) + a2y2(t)

(d) y(t) =
d

dt
e−tx(t)

Dunamiko: h èxodoc exart�tai apì prohgoÔmenec timèc tic eisìdou.
Eustajèc: 'Estw |x(t)| < Mx <∞. Tìte |y(t)| = d

dte
−t|x(t)| < d

dte
−tMx <∞ Aitiatì: H èxodoc

y(t) exart�tai mìno apì tic paroÔsec timèc thc eisìdou.
Qronik� amet�blhto: Gia eÐsodo x(t− t0) tìte sthn èxodo èqoume:
d
dte
−(t−t0)x(t− t0) = y(t− t0)

Grammikì: Gia eÐsodo a1x1(t)+a2x2(t), sthn èxodo ja èqoume
d
dte
−t(a1x1(t) + a2x2(t)) = d

dte
−ta1x1(t)+

d
dte
−ta2x2(t) = a1

d
dte
−tx1(t) + a2

d
dte
−tx2(t) = a1y1(t) + a2y2(t)

(st) y[n] =
n∑

k=−∞
x[k + 2]

Dunamikì: exart�tai apì prohgoÔmenec timèc thc eisìdou kaj¸c to k diatrèqei apì to −∞ èwc to
n.
Eustajèc: 'Estw |x[n]| < Mx <∞. Tìte |y[n]| =

∑n
k=−∞ |x[k]| <

∑n
k=−∞Mx <∞

Mh Aitiatì: H èxodoc y[n] exart�tai apì epìmenec timèc thc eisìdou gia k ≥ n− 1.
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Qronik� amet�blhto: Gia eisodo x(n− n0) tìte sthn èxodo ja èqoume:∑n−n0
k=−∞ x[k + 2] = y(n− n0)

Grammikì: Gia eÐsodo a1x1(n) + a2x2(n), sthn èxodo ja èqoume:∑n
k=−∞(a1x1[k+2]+a2x2[k+2]) =

∑n
k=−∞ a1x1[k+2]+

∑n
k=−∞ a2x2[k+2] = a1y1(t)+a2y2(t)

(e) y[n] = cos(2π(n+ 1)x(n)) + x(n)

Statikì : Gia k�je qronikh stigm  h èxodoc den exart�tai apì prohgoÔmenec timèc tic eisìdou.
Eustajèc: 'Estw |x[n]| < Mx < ∞. Tìte |y[n]| = cos(2π(n + 1)|x(n)|) + |x(n)| < cos(2π(n +
1)Mx) +Mx <∞.
Aitiatì : H èxodoc y[n] exart�tai apì paroÔsec timèc thc eisìdou.
Qronik� metablhtì: Gia eisodo x(n− n0), sthn èxodo ja èqoume:
cos(2π(n+ 1)x(n− n0)) + x(n− n0) 6= y(n− n0).
Mh Grammikì: Gia eÐsodo a1x1(n) + a2x2(n) sthn èxodo ja èqoume:
cos(2π(n+ 1)(a1x1(n) + a2x2(n))) + a1x1(n) + a2x2(n) 6= a1y1(n) + a2y2(n).

'Askhsh 4.
(a) Sto parak�tw sq ma apeikonÐzontai ta s mata x(t) kai y(t).

Sq ma 9:
labelaskisi4

UpologÐzoume thn sunèlixh grafik�. To s ma pou anakl�tai kai metatopÐzetai se autì to par�-
deigma einai to y(t). Mèta apì an�klash kai metatìpish y(τ) faÐnetai sto parak�tw sq ma:
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Sq ma 10:

DiakrÐnoume tic ex c peript¸seic:
PerÐptwsh 1η: t− 1 < 0 (ìpwc faÐnetai kai sto parap�nw sq ma), to x(t) = 0 epomènwc:

cxy = x(t) ∗ y(t) =

∫ ∞
−∞

x(τ)y(t− τ)dτ = 0.

PerÐptwsh 2η: Gia t− 3 ≤ 0→ t ≥ 3 kai t− 1 ≥ 0→ t ≥ 1. Dhlad  gia 1 ≤ t ≤ 3 ìpwc faÐnetai
kai sto sq ma pou akoloujeÐ. H sunèlixh epomènwc upologÐzetai wc ex c:

Sq ma 11:

cxy =

∫ ∞
−∞

x(τ)y(t− τ)dτ =

∫ t−1

t−3
τu(τ)dτ =

∫ t−1

0
τdτ =

[
τ2

2

]t−1
0

=
(t− 1)2

2

PerÐptwsh 3η.
Gia t − 3 ≥ 0 → t ≥ 3 to epìmeno sqhma apeikonÐzei th perÐptwsh aut . Epomènwc h sunèlixh
upologÐzetai wc ex c:

Sq ma 12:

cxy =

∫ t−1

t−3
τdτ =

[
τ2

2

]t−1
t−3

=
1

2

(
(t− 1)2 − (t− 3)2

)
= 2t− 4.
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(b) Sta parak�tw sq mata apeikonÐzontai ta s mata x(t) kai y(t).

Sq ma 13:

B�sei tou orismoÔ thc sunèlixhc kai epilègontac gia anakl�sh kai metatopÐsh to y(t) (to x(t)
ekteÐnetai apì to (−∞,∞)) èqoume gia ton upologismì thc sunèlixhc:

cxy =

∫ ∞
−∞

x(τ)y(t− τ)dτ =

∫ t

t−5
cos(τ)dτ = [sin(τ)]tt−5 = sin(t)− sin(t− 5).

To apotèlesma thc sunelix c touc apeikonÐzetai grafika parak�tw:

Sq ma 14:
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(g)
Sta parak�tw sq mata apeikonÐzontai ta s mata x(t) kai y(t). To s ma pou anakl�tai kai metato-
pÐzetai se aut  thn perÐptwsh eÐnai to x(t).

Sq ma 15:

OmoÐwc kai ed¸ mporoÔme na b�sei tou orismoÔ thc sunèlixhc kai epilègontac gia anakl�sh kai
metatopÐsh to aploÔstero s ma upologÐzoume thn sunèlixh:

cxy =

∫ ∞
−∞

y(τ)x(t − τ)dτ =

∫ ∞
−∞

y(τ)u(t − τ)dτ =

∫ t

−∞
(e−τ + cos(τ))u(τ)dτ =

∫ t

0
(e−τ +

cos(τ))dτ =
[
−e−τ + sin(τ)

]t
0

= −e−t + sin(t) + 1.

To telikì apotèlesma faÐnetai sto parak�tw sq ma:

Sq ma 16:
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'Askhsh 5.
(a) Gia thn eÔresh thc kroustik c apìkrishc tou sust matoc apo to nìmo t�sewn tou Kircoff:
−x(t) + IR+ y(t) = 0

I = C dy(t)
dt

Antikajist¸ntac thn èntash reÔmatoc sthn parap�nw sqèsh èqoume:

dy(t)

dt
+

1

RC
y(t) =

1

RC
x(t) (1)

H lÔsh authc thc diaforik c exÐswshc einai h:

h(t) = 1
RC e

− t
RC u(t)

Gia thn epilush thc d.e akoloujhs�me thn ex c diadikasÐa. H diaforik  aut  exÐswsh einai
pr¸thc t�xhc. H lÔsh thc proèrqetai apo to �jroisma thc lÔshc thc omogenoÔc kai miac merik c
lÔshc. Gia thn lÔsh thc omogenoÔc:

dy(t)

dt
+

1

RC
y(t) = 0⇒ dy(t)

y
+

1

RC
dt⇒

∫
1

y
dy = −

∫
1

RC
dt+ c⇒

⇒ ln|y| = − 1

RC
t+ c⇒ |y| = e−

1
RC

tu(t)ec ⇒

⇒ y = c1e
− 1
RC

tu(t)

Gia na aplopoihsoume thn diadikasia (eÔresh merik c lushc) epilushc thc diaforik c, h lÔsh
pou br kame prèpei na epalhjeÔei thn genik  diaforik  exÐswsh. Antikajist¸ntac sthn genik 
exÐswsh thc diaforik c kai èqontac upoyhn oti y�qnoume thn kroustik  apìkrish tou sust matoc
(x(t) = δ(t) opìte kai h(t) = y(t)) ;èqoume:

dy(t)

dt
+

1

RC
y(t) =

1

RC
x(t)⇒ dh(t)

dt
+

1

RC
h(t) =

1

RC
δ(t)⇒ d(c1e

−1
RC

tu(t))

dt
+

1

RC
c1e

−1
RC

tu(t) =
1

RC
δt⇒

⇒ c1e
−t
RC u(t)

−1

RC
+

1

RC
c1e

−t
RC + c1e

−t
RC
du(t)

dt
=

1

RC
u(t)⇒

⇒ c1e
−t
RC δ(t) =

1

RC
δ(t)⇒ c1e

0δ(0) =
1

RC
δ(0)⇒ c1 =

1

RC
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(b) H kroustik  apìkrish enìc kukl¸matoc RC eÐnai h(t) = 1
RC e

− t
RC u(t).H èxodoc tou sust matoc

eÐnai to apotèlesma thc sunèlixhc tou s matoc eisìdou x(t) kai thc kroustik c apìkrishc h(t):
yp(t) = h(t) ∗ p(t)

gia t < 0

yp(t) = 0

gia t < T kai 0 ≤ t ≤ T

yp(t) =

∫ t

0

1

RC
e−

(t−τ)
RC dτ

yp(t) = 1− e−
t
RC

gia t ≥ T

yp(t) =

∫ T

0

1

RC
e−

(t−τ)
RC dτ

yp(t) = e−
(t−T )
RC − e−

t
RC

Epomènwc gia thn èxodo yp(t) ja èqoume:

f(n) =


0 t < 0

1− e−
t
RC 0 ≤ t ≤ T

e−
(t−T )
RC
−e−

t
RC t ≥ T

(c) (i)RC = 1
T

(ii)RC = 5
T

(iii)RC = 1
5T

'Estw ìti T = 1
(1) Gia to arqikì mac kan�li (sq ma 17).

x(t) = p(t) + p(t− 1) + p(t− 2)− p(t− 3)
y(t) = yp(t) + yp(t− 1) + yp(t− 2) + yp(t− 3)

(2) Gia h(t) = δ(t) (sq ma 18).

x(t) = p(t)− p(t− 1)− p(t− 2)− p(t− 3)
y(t) = yp(t)− yp(t− 1)− yp(t− 2) + yp(t− 3)

Apì ta sq mata (17),(18) gÐnetai xek�jaro ìti ìso to T mikraÐnei, tìso aux�netai h diasumbolik 
parembol  sto thlepikoinwniakì sÔsthma. Ta bits epikalÔptontai kai gÐnetai dÔskolh h apìfash
gia to an telik� èqei metadojeÐ to bit '1'   '0'.
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Sq ma 17:

Sq ma 18:


