
HU215: LÔseic 1hc seir�c ask sewn

1. EÐnai:

f(z) = αz2 + βz + γ = 0 ⇔ (pollaplasi�zoume me 4a)

4αz2 + 4αβz + 4αγ = 0 ⇔
4αz2 + 4αβz = −4αγ ⇔ (jèloume thn tautìthta (2az + b)2, �ra prosjètoume kai sta duo

mèlh thc exÐswshc to β2)

(2αz)2 + 4αβz + β2 = −4αγ + β2 ⇔
(2αz + β)2 = β2 − 4αγ ⇔
2αz + β = ±

√
β2 − 4αγ ⇔

2αz = −β ±
√

β2 − 4αγ ⇔ (a 6= 0)

z =
−β ±

√
β2 − 4αγ

2α
, pou eÐnai kai to zhtoÔmeno.

2. 1. x1(t) = 2jej5t = 2ej π
2 ej5t, giatÐ ej π

2 = cos π
2

+ j sin π
2

= 0 + 1j = j.

Ara, x1(t) = 2ej(5t+π
2
), to opoÐo eÐnai thc morf c Aej(ω0t+φ), pou gnwrÐzoume apì th jewrÐa

ìti eÐnai periodikì me perÐodo T0 = 2π
ω0

= 2π
5
.

2. x2(t) = e(−3+2j)t = e−3tej2t. Ed¸ èqoume ginìmeno duo shm�twn. To ej2t eÐnai peri-

odikì me perÐodo T0 = 2π
ω0

= 2π
2

= π. 'Omwc to e−3t eÐnai mia gnhsÐwc fjÐnousa sun�rthsh tou

t, profan¸c mh periodik . To ginìmeno loipìn enìc periodikoÔ me èna mh periodikì s ma eÐnai

MH periodikì s ma.

3. x3(t) = 3 sin t + 2 sin 3t, to opoÐo gia na poÔme an eÐnai periodikì prèpei na broÔme

to MKD twn suqnot twn. EÐnai ω0 = MKD{1, 3} = 1, �ra eÐnai periodikì me perÐodo
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T0 = 2π
ω0

= 2π
1

= 2π.

4. x4(t) = 6 + 2 sin 2t + 4 cos 7t. 'Omoia me parap�nw, ja èqoume ω0 = MKD{2, 7} = 1,

�ra eÐnai periodikì me perÐodo T0 = 2π
ω0

= 2π
1

= 2π. Prosèxte ìti o stajerìc ìroc 6 den

all�zei thn periodikìthta tou s matoc.

5. x5(t) = 2 sin 2t + 4 cos 7πt. 'Omoia me parap�nw, ja èqoume ω0 = MKD{2, 7π}, pou

ìmwc den up�rqei! 'Ara to s ma den eÐnai periodikì.

ShmeÐwsh:

1. Se ìla ta parap�nw ja mporoÔsame na doulèyoume me to EKP antÐ gia to MKD. Mìno pou

tìte ja y�qname to EKP twn PERIODWN, ki ìqi twn suqnot twn, ìpwc k�name me to MKD.

To apotèlesma ja  tan Ðdio. Gia par�deigma, gia to x4(t), ja eÐqame EKP{π, 2π
7
} = 2π, giatÐ

ta akèraia pollapl�sia tou π eÐnai ta {π, 2π, 3π, 4π...}, en¸ tou 2π
7

eÐnai ta {2π
7

, 4π
7

, 6π
7

, 8π
7

, 10π
7

,

12π
7

, 14π
7

= 2π, 16π
7

...}, kai to mikrìtero koinì stoiqeÐo apì aut� ta duo sÔnola eÐnai to 2π.

'Ara autì apoteleÐ kai thn perÐodo T0 tou s matoc.

2. H ekf¸nhsh zhteÐ na broÔme pr¸ta an ta s mata eÐnai periodik� kai met� na broÔme thn

perÐodo. Gia ta paradeÐgmata 3, 4, 5, h apìluta akrib c lÔsh apì majhmatik c pleur�c ja

 tan na deÐxoume ìti o lìgoc twn periìdwn, T1

T2
, duo shm�twn pou ajroÐzontai, eÐnai lìgoc

AKERAIWN arijm¸n.

Gia par�deigma, sto x4(t), eÐnai T1

T2
= π

2π
7

= 7
2
, pou eÐnai lìgoc akeraÐwn arijm¸n, �ra to s ma

eÐnai periodikì. AntÐjeta, sto x5(t), eÐnai T1

T2
= π

2
7

= 7π
2
, pou DEN eÐnai lìgoc akeraÐwn ari-

jm¸n, �ra to s ma DEN eÐnai periodikì. Lègontac ta parap�nw, mporoÔme met� na broÔme thn

perÐodo me ìpoio trìpo jèloume (EKP periìdwn, MKD suqnot twn). Sun jwc de zhteÐtai

tìsh austhrìthta stic lÔseic sac, kalì eÐnai ìmwc na gnwrÐzete kai k�ti parap�nw...
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3. EÐnai:

x(t) =





t, 0 ≤ t < 1

1
2
(3− 2t), 1 ≤ t < 3

0, elsewhere

To x(2t) ja eÐnai:

x(2t) =





2t, 0 ≤ 2t < 1

1
2
(3− 4t), 1 ≤ 2t < 3

0, elsewhere

⇒





2t, 0 ≤ t < 1
2

1
2
(3− 4t), 1

2
≤ t < 3

2

0, elsewhere

To x( t
2
) ja eÐnai:

x( t
2
) =





t
2
, 0 ≤ t

2
< 1

1
2
(3− 2 t

2
), 1 ≤ t

2
< 3

0, elsewhere

⇒





t
2
, 0 ≤ t < 2

1
2
(3− t), 2 ≤ t < 6

0, elsewhere

Oi grafikèc parast�seic twn duo shm�twn faÐnontai parak�tw:
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4. To x(t) ja èqei th morf 

x(t) =





y(t), t ≥ 3

0, t < 3
,

me y(t) mia tuqaÐa sun�rthsh tou t pou perigr�fei to x(t) sto di�sthma t ≥ 3. De mac endi-

afèrei poia eÐnai aut    ti gÐnetai ekeÐ. Mac endiafèrei na doÔme ti gÐnetai sto di�sthma pou

ta s mat� mac eÐnai mhdèn, ìpwc zht�ei h �skhsh.

To x(1− t) ja eÐnai to:

x(1− t) =





y(1− t), 1− t ≥ 3

0, 1− t < 3
⇔





y(1− t), t ≤ −2

0, t > −2

'Ara to di�sthma pou to x(1− t) eÐnai mhdèn eÐnai to t > −2.

To x(2− t) -pou zhteÐtai èmmesa parak�tw- ja eÐnai to:

x(2− t) =





y(2− t), 2− t ≥ 3

0, 2− t < 3
⇔





y(2− t), t ≤ −1

0, t > −1

'Ara to di�sthma pou to x(2− t) eÐnai mhdèn eÐnai to t > −1.

To x(1− t) + x(2− t) ja eÐnai to:

x(1− t) + x(2− t) =





w(t), 1− t ≥ 3, or, 2− t ≥ 3

0, 1− t < 3, or, 2− t ≥ 3
⇔





w(t), t ≤ −1

0, t > −1

'Ara to di�sthma pou to x(1− t) + x(2− t) eÐnai mhdèn eÐnai to t > −1.

To x(1− t)x(2− t) ja eÐnai to:

x(1− t)x(2− t) =





g(t), 1− t ≥ 3, and, 2− t ≥ 3

0, 1− t < 3, and, 2− t ≥ 3
⇔





g(t), t ≤ −2

0, t > −2

'Ara to di�sthma pou to x(1− t)x(2− t) eÐnai mhdèn eÐnai to t > −2.
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Ta g(t), w(t) parap�nw profan¸c katalabaÐnete ìti eÐnai ta y(1−t)+y(2−t) kai y(1−t)y(2−t)

antÐstoiqa, apl� de mac endiafèroun, opìte ta gr�yame pio sumbolik� gia lìgouc suntomÐac.

ShmeÐwsh:

Sthn peraitèrw katanìhsh thc �skhshc ja sac bohj sei to parak�tw sq ma.
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Sqhmatik�, pollaplasi�ste shmeÐo proc shmeÐo ta duo s mata gia na breÐte pou mhdenÐzetai

to s ma x(1− t)x(2− t) kai prosjèste shmeÐo proc shmeÐo antÐstoiqa gia na breÐte pou mh-

denÐzetai to s ma x(1− t)+x(2− t). To apotèlesma ja prèpei na sac bgaÐnei Ðdio me autì pou

br kame parap�nw. Ed¸ jewroÔme ìti h y(t) pou anafèrame parap�nw eÐnai stajer  kai Ðsh

me 1 (qwrÐc bl�bh thc genikìthtac). Autìc o sqhmatikìc trìpoc lÔshc (me tic kat�llhlec

exhg seic) eÐnai exÐsou swstìc me ìsa gr�yame parap�nw!
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5. H perÐodoc tou s matoc eÐnai ω0 =MKD{1, 5, 8} = 1, �ra T0 = 2π
ω0

= 2π.

Gia na sqedi�soume f�sma pl�touc kai f�shc, prèpei na èqoume �jroisma sunhmitìnwn kai me

ìla ta pl�th touc jetik�. 'Ara ja eÐnai:

x(t) = 3 cos(t) + sin(5t− π

6
)− 2 cos(8t− π

3
) =

3 cos(t) + cos(5t− π

6
− π

2
) + 2 cos(8t− π

3
+ π)

3 cos(t) + cos(5t− 2π

3
) + 2 cos(8t +

2π

3
)

3

2
(ejt + e−jt) +

1

2
(ej5te−j 2π

3 + e−j5tej 2π
3 ) + ej8tej 2π

3 + e−j8te−j 2π
3 .

To f�sma pl�touc kai f�shc faÐnetai sta parak�tw sq mata.

−8 −6 −4 −2 0 2 4 6 8
0

0.5

1

1.5
Amplitude Spectrum

Angular Frequency

7



−8 −6 −4 −2 0 2 4 6 8
−2.5

−2

−1.5

−1

−0.5

0

0.5

1

1.5

2

2.5
Phase Spectrum

Angular Frequency

6. Sac parapèmpoume sth lÔsh thc �skhshc 4, 1h seir� ask sewn, 'Anoixh 2009. :-)
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