
Kef�laio 8Metasqhmatismì Laplace

8.1 Orismì tou metasqhmatismoÔ LaplaceO metasqhmatismì Laplace apotele� gen�keush tou metasqhmatismoÔ Fourier gia ta s matasuneqoÔ qrìnou. O metasqhmatismì Laplace tou suneqoÔ s mato x(t) or�zetai w ex 
X(s) =

∫ ∞

−∞
x(t)e−stdt,ìpou s e�nai migadik  metablht . E�n jèsoume s = iω, dhlad  e�n periorisjoÔme sto fan-tastikì �xona, lamb�noume to metasqhmatismì Fourier tou s mato. To sÔnolo twn tim¸n thmetablht  s gia ti opo�e to olokl rwma up�rqei, onom�zetai perioq  sÔgklish. Prìkeitaigia to sÔnolo twn tim¸n th metablht  s gia ti opo�e up�rqei to akìloujo olokl rwma

∫ ∞

−∞
|x(t)|e−ℜ[s]tdt < ∞Epomènw h perioq  sÔgklish or�zetai sto migadikì ep�pedo me lwr�de par�llhle sto fan-tastikì �xona. Gia s mata peperasmènh di�rkeia kai apìluta oloklhr¸sima h perioq sÔgklish e�nai olìklhro to migadikì ep�pedo. Gia aitiat� s mata, h perioq  sÔgklish e�naièna dexiì hmiep�pedo orizìmeno apì ℜ[s] > γ. Ikan  sunj kh gi' autì e�nai |x(t)| 6 µeγt, t > 0.Par�deigma 8.1.1. E�n x(t) = eiω0tu(t), tìte |x(t)| 6 1, t > 0. 'Ara up�rqei to parap�nwolokl rwma gia ℜ[s] > 0. E�n ìmw x(t) = eiω0t,∀t, tìte to olokl rwma den up�rqei, afoÔja apaitoÔntan gia th sÔgklish gia t < 0 na e�nai ℜ[s] < 0. Den mpore� epomènw na sugkl�neitautìqrona gia t > 0 kai t < 0.O metasqhmatismì Laplace ja mporoÔse na sundeje� kai me to metasqhmatismì Z mèsw thapeikìnish z = es, pou apeikon�zei euje�e par�llhle sto fantastikì �xona apì to ep�pedo

s se kÔklou me kèntro thn arq  sto ep�pedo z. O �dio o fantastikì �xona apeikon�zetaisto monadia�o kÔklo tou epipèdou z.O ant�strofo metasqhmatismì Laplace d�dei to arqikì s ma
x(t) =

1

i2π

∫ σ+i∞

σ−i∞
X(s)estds,
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ìpou h olokl rwsh g�netai p�nw se mia euje�a par�llhlh sto fantastikì �xona pou an keisthn perioq  sÔgklish.O metasqhmatismì Laplace tou kroustikoÔ s mato δ(t) or�zetai se ìlo to migadikìep�pedo kai e�nai 1.Par�deigma 8.1.2. A jewr soume to s ma
x(t) = e−αtu(t).O metasqhmatismì Laplace ja e�nai

X(s) =

∫ ∞

0
e−αte−stdt =

1

s + α
,me perioq  sÔgklish ℜ[s] > −α. E�n jèsoume α = 0 lamb�noume to metasqhmatismì Laplacetou bhmatikoÔ s mato

X(s) =
1

s
, ℜ[s] > 0.Par�deigma 8.1.3. A jewr soume to s ma

x(t) = −e−αtu(−t).O metasqhmatismì Laplace ja e�nai
X(s) = −

∫ 0

−∞
e−αte−stdt = −

∫ ∞

0
e(α+s)tdt =

1

s + α
,me perioq  sÔgklish ℜ[s] < −α.Par�deigma 8.1.3. A e�nai o metasqhmatismì Laplace

X(s) =
1

(s + α)(s + β)
,me α > β. MporoÔme na analÔsoume se kl�smata w ex 

X(s) =
1

β − α

(

1

s + α
−

1

s + β

)

.E�n ℜ[s] > −β,

x(t) =
e−αt − e−βt

β − α
u(t).E�n −β > ℜ[s] > −α,

x(t) =
1

β − α
(e−αtu(t) + e−βtu(−t)).E�n ℜ[s] < −α,

x(t) =
e−βt − e−αt

β − α
u(−t).

60



8.2 Idiìthte tou metasqhmatismoÔ LaplaceA èljoume t¸ra se merikè idiìthte tou metasqhmatismoÔ Laplace.

1. GrammikìthtaE�n X1(s) e�nai o metasqhmatismì Laplace tou s mato x1(t) me perioq  sÔgklish R1kai X2(s) e�nai o metasqhmatismì Laplace tou s mato x2(t) me perioq  sÔgklish R2,tìte o metasqhmatismì Laplace enì grammikoÔ sunduasmoÔ twn dÔo a1x1(t) + a2x2(t)e�nai a1X1(s) + a2X2(s) me perioq  sÔgklish pou egkle�ei thn tom  R1
⋂

R2.
2. Qronik  metatìpish

∫ ∞

−∞
x(t − t0)e

−stdt = e−st0X(s),me thn �dia perioq  sÔgklish.
3. Antistrof  qrìnouAn X(s) e�nai o metasqhmatismì Laplace tou s mato x(t) me perioq  sÔgklish R+,tìte o metasqhmatismì Laplace tou s mato x(−t) e�nai X(−s), me perioq  sÔgklishthn ant�jeth th arqik , pou sumbol�zoume R−. E�n èna s ma e�nai �rtio, x(t) = x(−t),tìte X(s) = X(−s). E�n èna s ma e�nai perittì, x(t) = −x(−t), tìte X(s) = −X(−s).Kai sti dÔo peript¸sei h perioq  sÔgklish ja e�nai R+

⋂

R−.
4. Allag  kl�maka qrìnouAn X(s) e�nai o metasqhmatismì Laplace tou s mato x(t), tìte o metasqhmatismì

Laplace tou s mato x(at) e�nai 1
|a|X( s

a
), me perioq  sÔgklish ¸ste to s

a
na an kei sthnperioq  sÔgklish tou X(s).

5. Metatìpish sto migadikì ep�pedo
∫ ∞

−∞
es0tx(t)e−stdt = X(s − s0),me perioq  sÔgklish ¸ste to s − s0 na an kei sthn perioq  sÔgklish tou X(s).

6. SunèlixhO metasqhmatismì Laplace th y(t), pou prokÔptei w sunèlixh th h(t) me th x(t) èqeiw ex 
Y (s) = H(s)X(s)ìpou H(s) e�nai o metasqhmatismì Laplace th h(t). E�n h(t) e�nai h kroustik  apìkrishenì sust mato, h H(s) onom�zetai sun�rthsh metafor� tou sust mato. H pe-rioq  sÔgklish tou metasqhmatismoÔ Y (s) egkle�ei thn tom , R1

⋂

R2, twn perioq¸nsÔgklish twn dÔo mel¸n th sunèlixh.
7. Parag¸gish sto qrìnoIsqÔei ìti

∫ ∞

−∞

dx(t)

dt
e−stdt = sX(s).
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8. Parag¸gish sto migadikì ep�pedoIsqÔei ìti
∫ ∞

−∞
tx(t)e−stdt = −

dX(s)

ds
.

9. Olokl rwsh sto qrìnoIsqÔei ìti
∫ ∞

−∞

(
∫ t

−∞
x(τ)dτ

)

e−stdt =
X(s)

s
.Par�deigma 8.2.1. A jewr soume to s ma (Sq ma 4.2)

x(t) = e−α|t| = e−αtu(t) + eαtu(−t).O metasqhmatismì Laplace ja e�nai
X(s) =

1

s + α
+

1

−s + α
=

2α

α2 − s2
,me perioq  sÔgklish α > ℜ[s] > −α. 'Ara ja prèpei na e�nai α > 0.Par�deigma 8.2.2. A jewr soume to s ma

x(t) = cos(ω0t)u(t) =
1

2

(

eiω0t + e−iω0t
)

u(t).O metasqhmatismì Laplace me perioq  sÔgklish ℜ[s] > 0 ja e�nai
X(s) =

1

2

(

1

s − iω0
+

1

s + iω0

)

=
s

s2 + ω2
0

.Par�deigma 8.2.3. A jewr soume to s ma
x(t) = sin(ω0t)u(t) =

1

2i

(

eiω0t − e−iω0t
)

u(t).O metasqhmatismì Laplace me perioq  sÔgklish ℜ[s] > 0 ja e�nai
X(s) =

1

2i

(

1

s − iω0
−

1

s + iω0

)

=
ω0

s2 + ω2
0

.Par�deigma 8.2.4. A jewr soume to s ma (Sq ma 2.6(a))

x(t) = e−αt cos(ω0t)u(t) =
1

2

(

e−α+iω0t + e−α−iω0t
)

u(t).O metasqhmatismì Laplace me perioq  sÔgklish ℜ[s] > −α ja e�nai
X(s) =

1

2

(

1

s + α − iω0
+

1

s + α + iω0

)

=
s + α

(s + α)2 + ω2
0

.
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Par�deigma 8.2.5. A jewr soume to s ma
x(t) = e−αt sin(ω0t)u(t) =

1

2i

(

e−α+iω0t − e−α−iω0t
)

u(t).O metasqhmatismì Laplace me perioq  sÔgklish ℜ[s] > −α ja e�nai
X(s) =

1

2i

(

1

s + α − iω0
−

1

s + α + iω0

)

=
ω0

(s + α)2 + ω2
0

.Par�deigma 8.2.6. A jewr soume to s ma
x(t) = e−αtu(t).O metasqhmatismì Laplace tou y(t) = tx(t) ja e�nai
Y (s) =

1

(s + α)2
.O metasqhmatismì Laplace tou tnx(t) ja e�nai

n!

(s + α)n+1
.

8.3 Metasqhmatismì Laplace kai grammik� qronik� amet�blhtasust mataA jewr soume t¸ra ta aitiat� sust mata me �peirh kroustik  apìkrish, pou d�dontai apì m�adiaforik  ex�swsh
N

∑

k=0

a(k)
dky(t)

dt
=

M
∑

k=0

b(k)
dkx(t)

dt
.Efarmìzonta thn idiìthta th parag¸gish sto qrìno gia to metasqhmatismì Laplace prokÔpteiìti h sun�rthsh metafor� autoÔ tou sust mato e�nai �sh me to lìgo dÔo poluwnÔmwn thmigadik  metablht  s,

H(s) =
Y (s)

X(s)
=

B(s)

A(s)
=

∑M
k=0 b(k)sk

∑N
k=0 a(k)skOi r�ze tou B(s) onom�zontai mhdenik� tou sust mato, en¸ oi r�ze tou poluwnÔmou touparanomast  onom�zontai pìloi tou sust mato.Par�deigma 8.3.1. A jewr soume th diaforik  ex�swsh

dy(t)

dt
= −αy(t) + u(t), t > 0, y(0) = 0, α > 0.Qrhsimopoi¸nta to metasqhmatismì Laplace br�skoume

sY (s) = −αY (s) +
1

s
,

63



−1 0 1 2 3 4 5

0

0.2

0.4

0.6

0.8

1

t

(1−exp(−t)) Heaviside(t)

Sq ma 8.1: H bhmatik  apìkrish tou sust mato pr¸th t�xh tou Parade�gmato 8.3.1.
Y (s) =

1

s(s + α)
=

1

α

(

1

s
−

1

s + α

)

.'Ara h apìkrish ja e�nai
y(t) =

1

α
(1 − e−αt)u(t).Par�deigma 8.3.2. To sÔsthma me sun�rthsh metafor�

H(s) =
ω0

(s + α)2 + ω2
0

=
ω0

(s + α + iω0)(s + α − iω0)
,èqei dÔo pìlou: −α + iω0,−α − iω0.
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Sq ma 8.2: Oi pìloi tou sust mato deÔterh t�xh tou Parade�gmato 8.3.2.Ikan  kai anagka�a sunj kh gia thn eust�jeia enì sust mato e�nai h Ôparxh tou metasqh-matismoÔ Laplace p�nw sto fantastikì �xona,
∫ ∞

−∞
|h(t)|dt < ∞.'Ara ja prèpei h perioq  sÔgklish tou metasqhmatismoÔ Laplace th kroustik  apìkrishtou sust mato na perilamb�nei to fantastikì �xona. E�nai fanerì apì ton orismì th64



eust�jeia, ìti ìla ta sust mata me peperasmènh kroustik  apìkrish e�nai eustaj . Opìte,gia ta sust mata pou or�zontai mèsw mia diaforik  ex�swsh, h sunj kh eust�jeia mpore�na ekfrasje� me b�sh th jèsh twn riz¸n tou poluwnÔmou A(s). 'Ena f�ltro me sun�rthshmetafor� ìpw parap�nw e�nai eustajè, e�n, kai mìno e�n,
A(s) 6= 0 gia ℜ[s] > 0,dhlad  e�n ìloi oi pìloi èqoun arnhtikì pragmatikì mèro.Gia èna sÔsthma pr¸th t�xh (Par�deigma 8.3.1) h sunj kh th eust�jeia e�nai α < 0.Gia èna sÔsthma deÔterh t�xh me dÔo migadikè r�ze, ìpw autì tou Parade�gmato 8.3.2, hsunj kh th eust�jeia e�nai ep�sh α < 0.
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